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Introduction 


Introduction 


Trigonometry is about the properties of triangles. A typical problem in 

trigonometry requires you to calculate one of the side lengths or angles of a 

triangle from other information about the triangle. For instance, you might 

need to calculate the side length c of the triangle in Figure 1. Problems of 

this type arise in a wealth of scientific subjects, from astronomy to civil 

engineering, and also in everyday life. Suppose, for example, that you want c 
to estimate the width of a river. Trigonometry provides you with 

mathematical tools to approach this task, as you will see later. 


5em 


Figure 1 What is the length 
of the side c? You'll learn 
how to solve problems like 
this in Section 1 


Figure 2 What is the width of the river? 


Trigonometry goes far beyond triangles, though. All the angles of a 
triangle measure between 0° and 180°, but trigonometry also deals with 
larger angles, such as 300° or 500°, and even with negative angles, such as 
—100°. These deeper aspects of trigonometry have applications in electrical 
engineering and acoustics, among other scientific disciplines, as well as in 
more sophisticated branches of mathematics, such as Fourier series. 


The term ‘trigonometry’ is derived from the Greek words trigonon for 
triangle and metron for measure. It first appeared in the book 
Trigonometriea, by Bartholomeo Pitiscus, published in 1595. 


Section 1 of this unit is about trigonometry in right-angled triangles 
(triangles with a right angle). You'll revise the trigonometric ratios sine, 
cosine and tangent, and use them to find angles and side lengths. 


The frontispiece from 
The angles of a right-angled triangle all measure between 0° and 90°. In Bartholomeo Pitiscus’s 


Section 2, you'll learn the meanings of the sine, cosine and tangent of any Trigonometriæ (1612 edition) 


angle (even negative angles). In this setting, sine, cosine and tangent are 
described as trigonometric functions: they are functions because each of 
them is a rule that takes an input number (the size of an angle) and 
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arc 


angle 
subtended 


Figure 3 The angle 
subtended by an arc 


produces an output number. In this section you’ll also meet the graphs of 
the trigonometric functions, and learn about inverse trigonometric 
functions. 


Section 3 returns to triangles, but considers those that don’t necessarily 
have a right angle. You’ll see how to use two important trigonometric 
rules, the sine rule and the cosine rule, to find angles and side lengths in 
such triangles. 


Finally, in Section 4, you’ll learn about many useful relationships between 
trigonometric functions, which are conveniently expressed as trigonometric 
identities. You'll need to use these identities when you study calculus, in 
Units 6 to 8, and complex numbers, in Unit 12. 


Throughout the unit you'll practise working with angles measured in 
radians, rather than degrees, in preparation for topics that you'll study 
later in the module. 


1 Right-angled triangles 


In this section you'll revise the trigonometry of right-angled triangles. We 
begin with a reminder about radians. 


1.1 Radians and degrees 


Radians are units for measuring angles, which can be used as an 
alternative to degrees. They’re used extensively in this module, and in 
many higher-level mathematics modules, as they’re more convenient to 
work with in many contexts. For example, many mathematical formulas 
are simpler when angles are measured in radians rather than degrees. 
You'll see two such formulas in this subsection. When you study calculus 
and complex numbers later in the module, you'll use radians rather than 
degrees whenever you work with angles. 


To understand what a radian is, consider any circle. An unbroken piece of 
its circumference is called an arc. For example, Figure 3 shows an arc of a 
circle. The centre of the circle is labelled O. The angle at the centre is said 
to be subtended by the arc. 


Suppose that the circle has radius r, and you draw an arc also of length r 
on its circumference, as shown in Figure 4. Then the angle subtended by 
the arc is 1 radian. If the arc were of length 2r then the angle would be 2 
radians, and so on. The definition of a radian is summarised in the 
following box. 


Radians 


One radian is the angle subtended at the centre of a circle by an arc 
that has the same length as the radius. 


A 


Figure 4 An angle of one radian 


From this definition, you can find the number of radians in a full turn — 
that is, a turn of 360° (the symbol ° means degrees). The circumference of 
a circle of radius r is 27r, and each arc of length r subtends an angle of 
1 radian. So the number of radians in a full turn is 

2ar 


— = 2r. 
m 


In other words, 360° is the same angle as 27 radians (about 6.28 radians). 


27 radians = 360° 


This gives 
le) 1 [0] 
1 radian = Bee = a : 
2T T 

Since 

1 

180 L 57.295... 

T 


one radian is approximately 57°. 
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In historical terms, the term ‘radian’ — a contraction of ‘radial angle’ 
— is relatively new. It appeared in print for the first time in 1873, in 
examination papers set by Professor James Thomson (brother of Lord 
Kelvin) at Queen’s College, Belfast. Who actually coined the term 
radian is a matter of some debate. As a unit of measurement, but 
without the name, it was in use much earlier, appearing in the work 
of Roger Cotes (1682-1716), a close colleague of Isaac Newton. 


Because a full turn is 27 radians, the number of radians in a simple fraction 
of a full turn can be conveniently expressed in terms of m. For instance, a 
quarter turn (90°) is 7/2 radians, and a third of a full turn (120°) is 27/3 
radians. Similarly, a twelfth of a full turn (30°) is 27/12 = 7/6 radians. It 
is usual to leave these numbers of radians in this form, rather than finding 
decimal approximations. Reasoning in this way, we can assemble Table 1. 


Table 1 A conversion table for common angles 


Angle in degrees Angle in radians 


0° 0 
30° 7/6 
45° T/4 
60° n/3 
90° 1/2 

180° T 
360° 27 


As with all fractions, you should usually write fractions of m in ‘vertical’ 
fraction notation, rather than using a slash symbol. For example, it is 
better to write — rather than m/2 when you are doing an algebraic 
manipulation with this expression, in order to distinguish the numerator 
and the denominator clearly. However, we often use the slash symbol 
notation where a fraction is part of a line of typed text. 


The fraction 7/2 is usually read as ‘pi by two’, though you can also say ‘pi 
over two’. Other fractions of 7 are read in a similar way. 


Since 


1 [e] 
1 radian = al : 
T 


the factor 180/7 can be used to convert an angle measured in radians into 
degrees, and vice versa, as detailed below. 


Converting between degrees and radians 


number of radians = = x number of degrees 


18 
number of degrees = ae x number of radians 
T 


Here are some examples of these types of conversions. 


Here are some similar questions for you to try. 


Activity 1 Converting between degrees and radians 


(a) Convert the following angles from degrees to radians. 
(i) 1° (ii) 345° 
(b) Convert the following angles from radians to degrees. 


(i) = radians (ii) a radians 


As mentioned at the beginning of the subsection, some mathematical 
formulas are simpler when angles are measured in radians rather than 
degrees. An example is the formula for the length of an arc on the 
circumference of a circle of radius r, in terms of the subtended angle of 
size 0 (in radians). (The symbol 6 is the lower-case form of the Greek letter 
theta, which is pronounced ‘thee-ta’. It is often used to represent angles.) 
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Figure 5 The arc length 
is r0 


You know that 

an arc that subtends an angle of 1 radian has length r. 
Hence 

an arc that subtends an angle of 0 radians has length ré. 


Such an arc is shown in Figure 5. 


Length of an arc of a circle 
arc length = r0, 


where r is the radius of the circle and 0 is the angle subtended by the 
arc, measured in radians. 


For example, the formula tells you that an arc on a circle of radius 21 cm 
that subtends an angle of 7/7 radians has the following length (in cm): 


21 x a = 3r = 9.42 (to 3 s.f.). 


If the angle 0 is measured in degrees rather than radians, then the formula 
for the length of an arc becomes 


T nro 
arc length = — x rd = —. 
180 180 


This is a more cumbersome formula, which illustrates why radians are 
favoured over degrees in mathematical formulas. 


Another formula that’s simpler when radians are used rather than degrees 
is the formula for the area of a sector. A sector of a circle is the ‘slice’ of 
the circle lying between two radii, as shown in Figure 5. (Strictly speaking, 
a circle is just a curve, and a sector is really a slice of the inside of the 
circle. However, it is convenient to allow the word ‘circle’ to mean either a 
circle or its inside. With this convention, you can refer to the ‘area of a 
circle’, rather than the ‘area enclosed by a circle’.) 


Let’s now obtain a formula for the area of a sector. Consider a circle of 
radius r. Its full area is mr?. Half of the circle is a sector of angle 7 radians 
(a half turn), which has area 57r?. That is, 


an angle of r radians gives a sector of area irr’. 
Hence 

an angle of 1 radian gives a sector of area ir’, 
so 


an angle of 0 radians gives a sector of area 5770. 


1 Right-angled triangles 


Area of a sector of a circle 
area of sector = 5770, 


where r is the radius of the circle and @ is the angle of the sector, 
measured in radians. 


In the next activity, you can practise using the formulas for the length of 
an arc and the area of a sector. 


Activity 2 Using the arc length and sector area formulas 


The classic computer game character shown in Figure 6 is constructed by 
removing a sector of angle 7/3 radians from a circle of radius 1 cm. 


(a) The shape is itself a sector — of what angle? 


(b) What is the total perimeter of the shape? Give your answer in cm, to 
one decimal place. 


(c) What is the area of the shape? Give your answer in cm?, to one 
decimal place. 


Figure 6 A circle witha 


sector of angle 7/3 removed 
Although radians usually give simpler mathematical formulas than degrees, 


there are many circumstances where degrees are the more appropriate 
choice of unit. This is because it can be more convenient to work with the 
large whole number 360 (for the number of degrees in a full turn) rather 
than the irrational number 27 (the number of radians in a full turn). 
Degrees tend to be used in practical situations — for example, by carpenters 
who want to measure the angles at the corners of pieces of wood. 


In this module you will use both radians and degrees, and it is crucial that 
you always know what the current choice of unit is, especially when 
entering angle values into your calculator. Most calculators have an angle 
mode option for switching between degrees and radians. If your calculator 
is set to the wrong mode, then you will obtain incorrect results. 


As you have seen, you must include the symbol ° after the size of an angle 
measured in degrees. So far, we have indicated that the size of an angle is 
measured in radians by using the word ‘radians’. For example, you have 
seen angles written as 7/2 radians and 27/3 radians. In fact, it is usual to 
omit the word ‘radians’, and write these angles simply as 7/2 and 27/3. 


From now on, if the size of an angle is stated without the symbol °, 
then the angle is measured in radians. 


To help you be aware of the choice of unit, you should remember that 
angles in degrees are usually written as whole numbers or decimals, such as 
37° and 156.4°, whereas angles in radians are usually written as fractions 
of T. 
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Figure 7 A triangle 


Figure 8 A right-angled 
triangle 
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Some useful conventions 


Before you go on to Subsection 1.2, in which you'll start your revision of 
trigonometry, here are some standard conventions that we’ll use in this 
subsection and throughout the rest of the unit. 


First, we often use the same letter to denote either a line segment or its 
length. For example, we might say that the side a of the triangle in 
Figure 7 is horizontal, or we might write that a is 4cm. We treat angles in 
a similar way. For example, we might say that the angle @ in Figure 7 is 
opposite the side a, or we might write that 0 = 7/4. 


Second, we often state the lengths of line segments, such as the sides of 
triangles, with no units. For example, we might say that one side of a 
triangle has length 5. When this is done, you should assume that the units 
are ‘abstract’ units, in the sense that they could represent any units that 
are used consistently. If you need to refer to them, then you can call them 
simply ‘units’. 

Finally, if you are asked to solve an abstract trigonometric problem, where 
no units of length are given, then (unless the question specifies otherwise) 
you should express your answers as exact values, rather than decimal 
approximations, whenever it is possible to do this reasonably concisely. For 
example, you might express an answer as a fraction or a surd, or in terms 
of r. If you are asked to solve a practical trigonometric problem, then you 
should normally give your answers as decimal approximations. 


1.2 Sine, cosine and tangent 


In this section you'll begin your revision of trigonometry by considering 
the relationships between angles and side lengths in right-angled triangles. 
A right-angled triangle is simply one that contains a right angle, that 
is, an angle of 7/2 (90°), as illustrated in Figure 8. 


Each of the other two angles in a right-angled triangle is an acute angle, 
that is, an angle greater than 0 (0°) but less than 7/2 (90°). This is 
because the three angles of a triangle add up to m (180°). 


You already know a relationship between the three side lengths of a 
right-angled triangle, namely Pythagoras’ theorem, which is repeated 
below. Remember that the side opposite the right angle in a right-angled 
triangle is called the hypotenuse, and it is always the longest side. 


Pythagoras’ theorem 


For a right-angled triangle, the square of the hypotenuse is equal to 
the sum of the squares of the other two sides. 


So if you know the lengths of two sides of a right-angled triangle, then you 
can use Pythagoras’ theorem to work out the length of the third side. You 
saw some examples of this in Section 6 of Unit 1. 


Sometimes, however, you may want to solve a problem that involves angles 
as well as side lengths in right-angled triangles. For example, you might 
have a triangle like the one in Figure 9(a), and you want to know the 
length of the side a. Or you might have a triangle like the one in 

Figure 9(b), and you want to know the size of the angle 0. 


oe 
(a) 


Figure 9 An unknown side a and an unknown angle 0 


Problems like these can be solved by using the sine, cosine and tangent of 
an angle. These are numbers associated with the angle. All angles have a 
sine, cosine and tangent (except that some exceptional angles have no 
tangent), but in this section you'll consider the sine, cosine and tangent 
only of acute angles, as that’s all you need to solve problems involving 
right-angled triangles. You’ll learn about the sine, cosine and tangent of 
other angles later in the unit. 


Here’s how the sine, cosine and tangent of an acute angle 0 are defined. 
Consider any right-angled triangle with 0 as one of its acute angles, and 
label the sides of the triangle as follows: hyp for the hypotenuse, opp for 
the side opposite the angle 0, and adj for the side (other than the 
hypotenuse) adjacent to the angle 6. This is illustrated in Figure 10. 


Opp 


Figure 10 The opposite side, adjacent side and hypotenuse for an angle @ 


The sine, cosine and tangent of 0 are defined as follows. 
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Sine, cosine and tangent 
The sine of the angle 0 is 


nO 
hyp 
The cosine of the angle 0 is hyp 
se opp 
cos 0 = — 


hyp A/N 
E 


The tangent of the angle 0 is 


opp 
tamno = == 
d 


adj 


Sine, cosine and tangent are often referred to as sin, cos and tan, 
pronounced ‘sine’, ‘coz’ and ‘tan’, respectively. 


A popular method for remembering the definitions above is to take the 
initial letters from 

Sine = Opp/Hyp, Cosine = Adj/Hyp, Tangent = Opp/Adj, 
to make the acronym SOH CAH TOA. This acronym is read to rhyme 
with Krakatoa (a famous volcano in Indonesia). 


SOH CAH TOA 


Another mnemonic used for these letters is ‘Silly Old Harry, Chased A 
Horse, Through Our Attic’. 


Let’s try out the definitions of sine, cosine and tangent with the angle 0 of 
the triangle shown in Figure 11. We obtain 


4 3 4 
sin? = z, cos @ = = and tone =. 


The other acute angle in the triangle in Figure 11 (the smallest angle) does 
not have the same values of sine, cosine and tangent as the angle 0. This is 
because the side opposite this other angle is not the side opposite the 
angle 0, and similarly the side adjacent to this angle is not the side 
adjacent to the angle 0. 


You always get the same answers for the sine, cosine and tangent of a 
particular angle 0, no matter which right-angled triangle with 0 as one of 
its acute angles you consider. To see why, first notice that all the different 
right-angled triangles with 0 as one of their acute angles have the same 
three angles. This is because the sum of the three angles in a triangle is 7 
(180°), so the angle other than @ and the right angle is given by 
T T 

™ 5 d= 5 0. 
It follows that all the right-angled triangles with 6 as one of their angles 
are scaled-up or scaled-down (and possibly flipped over) versions of each 
other — in other words, they are all similar. For example, Figure 12 shows 
three different right-angled triangles with a particular acute angle 0. You 
can see that they are all essentially the same shape. 


opp 
hyp opp opp wi. 
hyp 


Figure 12 Similar triangles 


Since all the right-angled triangles with a particular angle 0 are scaled-up 
or scaled-down (and possibly flipped over) versions of each other, they all 
have their sides in the same proportions, and hence they all give the same 
values for sin 0, cos@ and tan 8. 


To help you see this, consider scaling the triangle shown in Figure 11 by a 
factor a, so that the new side lengths are 3a, 4a and 5a, as shown in 
Figure 13. Then 

4 3 3 4a 4 


4a a 
inĝ = — = =- 0= — =- d tab = =< =; 
sin Tp cos es an an an 3 


These values of sin 0, cos@ and tan 8 are the same as those obtained from 
the original triangle in Figure 11. 
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A 
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Figure 11 A right-angled 


triangle with side lengths 3, 4 


and 5 


4a 


ZÀ z 


3a 


Figure 13 A right-angled 


triangle with side lengths 3a, 


4a, and 5a 
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The sine, cosine and tangent of an angle are known as trigonometric 
ratios, because each of them is defined as the ratio of one side of a 
right-angled triangle to another. (Remember that if a and b are two 
quantities, such as the lengths of sides of a triangle, then the ratio of a 
to b is a/b.) 


You can write sin @ as sin(@) if you prefer, and a similar comment applies 
to cos and tan. 


Activity 3 Finding trigonometric ratios 


Consider the angle 0 in the triangle below. 


15 


Q 


8 


Y 


(a) Use Pythagoras’ theorem to find the length of the hypotenuse. 
(b) Find sin 6, cos @ and tan ð. 


If you know the sine, cosine or tangent of a particular acute angle, then 
you can find the other two trigonometric ratios for the angle by sketching a 
suitable right-angled triangle. 


Activity 4 Finding trigonometric ratios from another trigonometric 
ratio 


Suppose that 0 is an acute angle and sin@ = >. Sketch a right-angled 
triangle with 0 as one of its acute angles, and, by using Pythagoras’ 
theorem, determine cos @ and tan 6. 


You can obtain the values of the sine, cosine and tangent of an angle using 
your calculator. You have to make sure that it is set to radians or degrees, 
as appropriate, or you will obtain incorrect answers. 


Activity 5 Using a calculator to find trigonometric ratios 


Use your calculator to find the values of sin 62°, cos 62° and tan 62°, to 
three significant figures. 


In fact the angle @ in Activity 3 is about 62°, so the answers that you 
obtained in Activity 5 should be close to those that you obtained in 
Activity 3. (They won’t be exactly the same, as the angle isn’t exactly 62°.) 


The Greek astronomer and mathematician Hipparchus of Rhodes 

(c. 190-120 BC) is widely recognised as the founder of trigonometry. 
He created the first table of trigonometric ratios, to enable him to 
calculate astronomical data. His work was used by another 
astronomer and mathematician, Ptolemy (c. AD 90-168), whose texts 
had considerable impact on the development of trigonometry and 
astronomy. 


1.3 Finding unknown side lengths in right-angled 
triangles 
If you know one of the acute angles and one of the side lengths in a 


right-angled triangle, then you can use trigonometric ratios to find either 
of the other two side lengths. The next example illustrates this. 


Example 2 Finding an unknown side length 


Find the side length a in the triangle below, to two significant figures. 


ye 


Solution 
@. Label the sides of the triangle in relation to the given angle. © 
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ipparchus 


An image from the 
frontispiece of William 
Cunningham’s 
Cosmographical Glass (1559). 
The same frontispiece was 
used for Henry Billingsley’s 
Euclid (1570), the first 
edition of Euclid’s Elements 
in English 


15 
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You can practise calculating side lengths using sine, cosine and tangent in 
the next activity. The angle in part (a) is given in degrees, whereas the 
angles in parts (b) and (c) are given in radians, so make sure that your 
calculator is set to the appropriate unit each time. 


Activity 6 Finding unknown side lengths 


Calculate the side lengths p, q and r in the triangles below, to two 
significant figures. 


Let’s now use trigonometry to solve the problem of how to estimate the 
width of a river, which was mentioned in the introduction to the unit. 
First you find a landmark on the opposite bank of the river. Let’s suppose 
you choose a tree. You move to the point on your side of the river directly 
opposite the tree. You then walk alongside the river to a point further 
along. At this point you look back towards your starting position, and 
then towards the tree, and measure the angle between these two lines of 
sight. This is shown in Figure 14: the width of the river is w, the distance 
that you walk is d and the angle is @. 


Figure 14 A right-angled triangle can be used to estimate the width of 
the river 


From the diagram, 


opp w 
tan @ = — = — 
adj d’ 
so 
w = dtan ð. 


You can now calculate w from d and 6; the better your measurements of d 
and @ are, the better your estimate of w is. 


Activity 7 Estimating the width of a river 


Suppose that you carry out the procedure described above, and the 
distance that you walk is 50m. If the angle between your two lines of sight 
is 57°, how wide is the river? Give your answer to the nearest metre. 


When you use the method described above, it’s best to walk a reasonable 
distance — perhaps roughly as far as the river is wide. If you walk only a 
short distance, then you’re likely to obtain an inaccurate estimate, because 
then the angle 0 will be close to 90°, and small errors in the measurement of 
an angle close to 90° result in large errors in the value of its tangent. You 
can see this from the graph of tangent, which is given in Subsection 2.3. 


The next activity involves a similar application of trigonometry. 
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100m 


Figure 15 A tall building 
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Activity 8 Estimating the height of a building 


Suppose that you stand 100 m from a tall building and measure the angle 
between the horizontal and the top of the building as 72°, as in Figure 15. 
How high is the building? Give your answer to the nearest metre. 


1.4 Finding unknown angles in right-angled 
triangles 


Let’s now turn to the problem of finding an angle in a right-angled triangle 
when you know two side lengths. Take, for example, the triangle in 
Figure 16. 


PA g 


Figure 16 A right-angled triangle with two known side lengths 


The side opposite the angle 0 has length 4, and the side adjacent to the 
angle 0 has length 7. Therefore 


opp 4 
in? = — = Ł. 
adj 7 
If you know the tangent of an acute angle (or the sine or cosine of the 
angle), then you can use your calculator to find the angle. The notation 
used for the acute angle whose tangent is the number z is 


tan! z. 


Similarly, the notations used for the acute angle whose sine is x and the 
acute angle whose cosine is x are 


sin-ba and cos ‘a, 


respectively. 


Note that you may choose to write either tan~! x or tan~!(x), whichever 
seems clearer, just as you may choose to write either tan @ or tan(@). A 
similar comment applies to sine and cosine. 


1 1 


The angles sin! x, cos~! x and tan™t x are called the inverse sine, 
inverse cosine and inverse tangent of the number x, respectively. You 
can use your calculator to find them. For the triangle in Figure 16, 

tan @ = 4/7, so you can work out using your calculator that 


6=tan~! (4) = 29.74...°=29.7° (to 3 s.f). 
T. 


The notation used for inverse sine, inverse cosine and inverse tangent is 
essentially the notation for inverse functions that you met in Unit 3. This 
is because inverse sine, inverse cosine and inverse tangent are types of 
inverse functions. Yovu’ll learn more about this in Subsection 2.4. 


A common error when working with inverse sine, inverse cosine or inverse 


tangent is to confuse tan™t x with (tanx)—!, for example. Remember that 


pi 
ta -7i 
(oaz) tanz’ 


and this is very different from tan™t x. A similar warning applies to 


sin™! g and cos™! z. 


The inverse sine, inverse cosine and inverse tangent of a number x are also 
called the arcsine, arccosine and arctangent of x, with the following 
alternative notations: 


arcsin(z) = sin™! æ, arccos(x) = cos™! z, arctan(x) = tan! z. 


Here’s another example of finding an unknown angle in a right-angled 
triangle. 
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Solution 


@. Label the sides of the triangle in relation to the given angle. © 


eval) = Boll 


@. The two labelled sides are adj and hyp, so use the equation 
cos @ = adj/hyp. @ 


@. Use inverse cosine on your calculator to find 6. & 


Ball 
O= cos, (=) = 57.053...°= 57° (to the nearest degree) 


In the next activity, you can practise finding unknown angles in 
right-angled triangles. Notice that two of the angles in this activity are 
labelled aœ and {: these are the lower-case forms of the Greek letters alpha 
and beta, which are pronounced ‘al-fa’ and ‘bee-ta’. Angles are often 
represented by Greek letters. The full Greek alphabet is given in the 
Handbook. 


Activity 9 Finding unknown angles 


Find the angles 0, œ and 2 in the triangles below, to the nearest degree. 


\> 


35 


(a) á 40 


It is important to remember that the strategies that you’ve met so far for 
finding unknown side lengths and angles are valid only in right-angled 
triangles. In Section 3 you'll learn how to find unknown side lengths and 
angles in other triangles. 
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The Great Trigonometric Survey 


The Great Trigonometric Survey was a survey of the geography of 
India, carried out in the nineteenth century. Trigonometry was 
fundamental to the survey, and was used to calculate measurements 
such as the heights of mountains in the Himalayas, including Mount 
Everest and K2. The superintendent of the latter parts of the survey 
was Colonel Sir George Everest, after whom Mount Everest is named. 


1.5 Trigonometric ratios of special angles 


You can work out the trigonometric ratios for the special angles 7/6, 7/4 
and 7/3 (that is, 30°, 45° and 60°, respectively) without using a calculator. George Everest (1790-1866) 
These values are useful to know. Later in the unit you’ll learn how to 

calculate sine, cosine and tangent for other special angles. 


Let’s begin with the angle 7/3 (60°). This angle is one of the angles of an 
equilateral triangle, that is, a triangle in which all angles are equal. This is 
because 7/3 (60°) is a third of the total angle sum 7 (180°) of a triangle. 


Figure 17 shows an equilateral triangle that is split into two right-angled 
triangles by a vertical line. The equilateral triangle has sides of length 2, 
and the vertical line divides the base of the triangle into two equal parts, 
each of length 1. (Choosing the equilateral triangle to have sides of : 
length 2 makes the calculations easier.) A eR 


By Pythagoras’ theorem, the length of the vertical line is 


V2- 12 = V3, Figure 17 An equilateral 


triangle split into two 


as marked in the diagram. You can now apply the formulas right-angled triangles 
di 
sin = = ZPE ie. sid tm = SPP 
3 hyp 3 hyp 3 adj 


to the right-angled triangle on the left-hand side of the equilateral triangle 
in Figure 17. This gives 


T V3 T 1 T V3 
sin 3 5? cos m and tan 3 J V3 


T T 
Remember that you can write sin — as sin (=) or sin(7/3) if you prefer, 


and a similar comment applies for cos and tan. 


You can find the trigonometric ratios for the angle 7/6 (30°) by using the 
same diagram, Figure 17. This is because the other acute angle in the 
left-hand triangle in Figure 17 is 7/6, as marked in Figure 18, since it is 
half of the top angle 7/3 of the equilateral triangle. This gives 


T V3 T 1 


: 1 T 
sin — = —, cos- = — and tan- = —. 
6 2 


6 2 6 V3 


Figure 18 The right-angled 
triangle on the left has acute 
angles 7/3 and 1/6 
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Figure 19 A right-angled 
triangle with two acute 
angles of size 7/4 
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Let’s now consider the angle 7/4 (45°). To find the trigonometric ratios for 
this angle, you can use the right-angled triangle shown in Figure 19. 


It is created by splitting a square down one of its diagonals. Because each 
angle of a square is a right angle, 7/2, each of the acute angles of the 
triangle is half of a right angle, 7/4. By Pythagoras’ theorem, the length of 
the diagonal line is 


V+ = v2, 


as marked in the diagram. You can now apply the formulas 


_ Tt opp T j a 4 T opp 
in- = —, s-=— an n— = — 
4 hyp 4 h 4 dj 
to obtain 
T I 7 1 T 
sin — = —, cos- = — and tan-=l1l. 


A AA A A 4 


The trigonometric ratios for the angles 7/6, 7/4 and 7/3 are listed in 
Table 2, which will be referred to as the special angles table. This table is 
also given in the Handbook. It’s useful to learn these trigonometric ratios, 
or to learn how to work them out quickly by sketching the triangles in 
Figures 18 and 19, as they come up frequently. 


Table 2 Sine, cosine and tangent of special angles 


0 6 sin @ | cos@ | tan@ 
in radians | in degrees 

i 1 
T age aN 
6 2/2 | 
T 45° 1 1 1 
4 J/2 | v2 
T V3 1 
= o a aa 3 
60 a 5 V3 


Note that the surd 1/\/2, which appears in Table 2, can also be written as 
/2/2. Your calculator may display it like this. This alternative form is 
obtained by multiplying both the numerator and the denominator of the 
original fraction by V2, to rationalise the denominator. Similarly the surd 
1/3 can be written as v3/3. 


You can also use Table 2 to find some values of inverse sine, inverse cosine 
and inverse tangent. For example, from the first row you can see that 


Notice that the values of sine and cosine in Table 2 are all less than 1. 
This is because the longest side of any right-angled triangle is the 


hypotenuse, so opp and adj are both smaller than hyp. It follows that, for 
any acute angle 0, the values of 

di 
CPP and cos = 22) 
YP YP 


are both less than 1. However, as you can see from Table 2, the tangent of 
an acute angle can be less than 1, equal to 1, or greater than 1. 


sin 0 = 


Spherical geometry 


The angles of a triangle always add up to m (180°) ... or do they? In 
plane geometry (which is the only geometry that you'll meet in this 
module) they certainly do, but in spherical geometry the sum of the 
angles of a triangle is always greater than 7! The Earth, which is 
approximately spherical, provides a useful model for thinking about 
spherical geometry. The triangle shown in Figure 20, with one vertex 
at the North Pole and the other two vertices on the equator — one in 
Ecuador and the other in Gabon — has three right angles! 


1.6 Trigonometric identities 


In Unit 1 you learned that an identity is an equation that is satisfied by all 
possible values of its variables. A trigonometric identity is an identity 
that involves one or more trigonometric ratios. In this subsection you'll 
meet several important trigonometric identities. 


For our first trigonometric identity, consider any acute angle 6, and choose 
a right-angled triangle that has 0 as one of its acute angles, and whose 
hypotenuse has length 1, as shown in Figure 21. You can always obtain 
such a triangle by scaling up or down any right-angled triangle that has 0 
as one of its acute angles. (The hypotenuse is chosen to have length 1 to 
simplify the algebra later on.) 


Ea) i 


Figure 21 A right-angled triangle with hypotenuse of length 1 and other 
sides of lengths a and b 


For this triangle, 


m= =a E ee and fang = —. 
1 1 b 


1 Right-angled triangles 


Figure 20 A spherical 
triangle with three right 
angles 
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It follows that 
sin 0 a 

= — = 0 

cosO b AREI 


which is our first trigonometric identity. 


sin 0 


tano = 
cos @ 


This equation is an identity because it is true for any acute angle 0. 


To obtain our second identity, let’s apply Pythagoras’s theorem to the 
right-angled triangle in Figure 21. This gives 


a+b? = 17 =1. 
Since sin 0 = a and cos@ = b, it follows that 
(sin 0)? + (cos 6)? = 1. 


It is conventional to write (sin 0)? and (cos 0)? as sin? 6 and cos? 0, 
respectively, so the identity above is usually written as follows. 


sin? 6+ cos? 0 = 1 


The notation sin? 0 for (sin 0)? is convenient as it avoids some brackets. 
Similarly we usually write sin? @ for (sin @)?, and so on. However, 
remember that sin™t a does not mean (sinaz)~!, which is a way of writing 
1/sinz. Instead sin~! x is the inverse sine of x. This is an awkward clash 
of notation that you just need to become used to. 


You can use the two trigonometric identities above to deduce the values of 
all the trigonometric ratios for a particular acute angle if you know the 
value of one of these ratios. This is an alternative to sketching a suitable 
right-angled triangle, as you were asked to do in Activity 4, and you’re 
asked to try it in the following activity. 


Activity 10 Finding trigonometric ratios from another trigonometric 
ratio by using trigonometric identities 


Suppose that the acute angle 0 is such that cos 0 = 3. Use the identities 
above to find the exact values of sin 0 and tan 0. 


The next two trigonometric identities involve both the acute angles in a 
right-angled triangle. The sum of these two angles is 7/2, so if one acute 
angle is 0, then the other is (7/2) — 0, as shown in Figure 22. 


Figure 22 A right-angled triangle with acute angles 6 and (7/2) — 0 


You can see from Figure 22 that 
b 
sin@= and cos@= -, 
Cc c 


and also 
sin (Z - 9) a and cos (5 — 4) = ~. 


This gives us two more identities. 


sin (Z — 0) = cos 
cos (5 — 0) = sin 0 


These identities tell you that if you have two acute angles that add up to 
1/2 (90°), then the sine of one is the cosine of the other, and vice versa. 
This explains the repeated values that you can see in the sine and cosine 
columns of the special angles table (Table 2 on page 22). For example, if 
0 = 7/6 then (7/2) — 0 = 7/3, so the first of the two identities gives 

_ T 

sin 5 = COS g? 

which is confirmed by Table 2. 


Yow’re asked to prove an identity involving tan ((7/2) — 0) in the next 
activity. 

Activity 11 Proving a trigonometric identity 
Using Figure 22, show that, for every acute angle 0, 


van T 7 0) = F 


1 Right-angled triangles 


25 


Unit 4 Trigonometry 


26 


2 Trigonometric functions 


In this section you'll learn what’s meant by the sine, cosine and tangent of 
angles of any size, and you'll see that sine, cosine and tangent are 
functions. 


2.1 Angles of any size 


In Section 1 you worked with acute angles and right angles. However, you 
can also have: 


e obtuse angles (those between 90° and 180°, that is, between 7/2 
and 7) 


e straight angles (those of 180°, that is, 7) 
e reflex angles (those between 180° and 360°, that is, between 7 and 27). 


These five types of angle are illustrated in Figure 23. 


dan a ee 


(a) (b) (c) (a) 


Figure 23 (a) Acute angle (b) right angle (c) obtuse angle (d) straight 
angle (e) reflex angle 


You can also have angles larger than 360° (27). For example, if a wheel 
rotates through a full turn followed by another half turn, then altogether it 
has rotated through an angle of 540° (37). You can even have negative 
angles. For example, if a wheel rotates through a half turn followed by 
another half turn in the opposite direction, then you can say that it has 
rotated through 180° (7) followed by —180° (—7). 


In this section you'll learn about the sine, cosine and tangent of every 
angle, even negative angles. The first step is to learn to associate with each 
angle 0 a particular point P on the unit circle, which is the circle with 
radius 1 centred on the origin. The position of the point P is determined 
by the angle 0: it is obtained by a rotation around the origin through the 
angle 0, starting from the point on the x-axis with x-coordinate 1. If the 
angle @ is positive, then the rotation is anticlockwise; if 0 is negative, then 
the rotation is clockwise. 


2 Trigonometric functions 


Figure 24 shows some examples of how angles give rise to points on the 


n fr 7) 
unit circle. 


YA 


R 


(a) 


Figure 24 Angles and their associated points on the unit circle 


The point P lies in the same position in Figures 24(a) and (c), despite 
having rotated through different angles, 37/4 and 117/4. This is because 
117/4 is exactly one full turn more than 37/4, since 


lim ər 49 
Ae 
In general, whenever two angles differ by an even multiple of m (such as 47, 
—6r or 1007), they are both associated with the same point P on the unit 
circle. For instance, because 


T U 
i. a 


the point P associated with the angle —137/4 is the same as the point P 
associated with the angle 37/4. 


Skateboard tricks 


Skateboarders sometimes perform tricks in which they launch 
themselves and their board into the air and rotate as much as they 
can before landing. The name of the trick depends on the amount 
that they rotate in degrees. For example, a one-full-turn trick is 
called a 360, a two-full-turn trick is called a 720, and a 
one-and-a-half-full-turn trick is called a 540. The landing positions of 
some of these tricks are the same: following a 180, a 540 or a 900, a 
skateboarder lands in the opposite direction from which he started, 
because these three angles differ by multiples of 360. 


Skateboarders seem unaware 
To help us describe the approximate location of the point P associated of radians! 
with an angle, it is useful to introduce the idea of a quadrant. A quadrant 
is one of the four regions separated off by the x-axis and y-axis. The 
names of the quadrants are shown in Figure 25. 
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Second First 
quadrant | quadrant 


T 
Third Fourth 
quadrant | quadrant 


Figure 25 The four quadrants 


So, for example, in Figures 24(a) and (c) the point P lies in the second 
quadrant, whereas in Figure 24(b) it lies in the third quadrant. 


Activity 12 Plotting points on the unit circle associated with angles 


For each of the following angles, draw a diagram similar to those in 
Figure 24 that shows the location of the point P on the unit circle, and 
state the quadrant in which P lies. 


(a) =7/3 (b) 67/5 (c) 117/3 (d) —167/5 


2.2 Sine, cosine and tangent of any angle 


In this subsection you’ll learn how the sine, cosine and tangent of any 
angle are defined. Before seeing the definition, consider any acute angle 0 
and its associated point P on the unit circle, as illustrated in Figure 26(a). 
A line has been drawn from P to the x-axis, to complete a right-angled 
triangle. A close-up of this triangle is shown in Figure 26(b). 


(a) 


Figure 26 (a) The point P on the unit circle associated with an acute 
angle 0 (b) a close-up of the right-angled triangle 


Suppose that the coordinates of the point P are (x,y). Then you can see 
from Figure 26 that 


sing = “PP _ ¥ _ y 
hyp 1 ? 
adj x 
cos) = —= = —=42, 
hyp 1 
tan = OPP = A 
adj x 


These equations are used to define the sine, cosine and tangent of any 
angle 0, as follows. 


Sine, cosine and tangent 


Suppose that 0 is any angle and (x,y) are the coordinates of its 
associated point P on the unit circle. Then 


d=, cos? = wx, 
and, provided that x 4 0, 
tan = U, 
o 


(If x = 0, then tanð is undefined.) 


In other words, the sine and cosine of an angle 0 are just the y- and 
x-coordinates, in that order, of the point P on the unit circle associated 
with 0. The tangent of 0 is the y-coordinate of P divided by the 
x-coordinate, provided that the x-coordinate isn’t zero. You can see a 


demonstration of these definitions in the Sine, cosine and tangent of any 
angle applet. 


For example, Figure 27(a) shows the point P associated with the angle 
0 = 0. It has coordinates (1,0), which tells you that 


sin0=0, cosO=1 and n= ei 


Xy 


(a) (b) 


Figure 27 The points on the unit circle associated with the angles (a) 0 
(b) 7/2 
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Similarly, Figure 27(b) shows the point P associated with the angle 
0 = 7/2. It has coordinates (0,1), which tells you that 


sin S al, cos Z =0 and tan 5 is undefined. 


Activity 13 Finding sines, cosines and tangents 


Find the following values, where they are defined, without using a 
calculator. 


(a) sinr, cos r and tanm 
(b) sin(—7/2), cos(—7/2) and tan(—7/2) 


You can see that it’s straightforward to write down the sine, cosine and 
tangent (if it’s defined) of any angle whose associated point P lies on one 
of the coordinate axes — that is, any angle that’s an integer multiple of 7/2. 


Notice also that if the point P associated with an angle @ lies on the 
y-axis, then the tangent of 0 is undefined (because at such points the value 
of x is zero). So every angle of the form 

T ‘ ; 

3 +n, where n is an integer, 


has no tangent. 


The next example shows you a method for finding the sine, cosine and 
tangent of any angle 0 whose associated point P doesn’t lie on one of the 
coordinate axes. The method is based on first finding the sine, cosine and 
tangent of a particular acute angle that’s related to 0. 


1 | 3a 
Opp | S 4 
4 


adj |O 


Xy 


@. Use basic trigonometry to find the lengths of the adjacent and 
opposite sides of the resulting right-angled triangle. Hence find the 
coordinates of P, and write down the sine, cosine and tangent of the 
original angle. ® 


For the triangle in the diagram, 


dj 1 

cos Z = = =acl, SO acl = cos Z = a 
si De (0) S si 1 : 
m= = = Oo oO = SIN — = —=>. 

A 1 PP; PP A 5 

; io i 
Hence the coordinates of P are | ——, — |. Therefore 
2° /2 


In the next activity, you can practise using the method demonstrated in 
Example 4. When you use this method, you should always find the size of 
the acute angle between OP and the z-axis (never the y-axis). 


Activity 14 Finding the sine, cosine and tangent of an angle that's 
not an integer multiple of 7/2 


Find the sine, cosine and tangent of the following angles. 
(a) 57/6 (b) —7/4 


You can use the special angles table on page 22 (it is also in the Handbook) 
to find the sines, cosines and tangents of acute angles that you’ll need. 
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Second First 
quadrant quadrant 
S A 

> 
T C 
Third Fourth 
quadrant quadrant 


Figure 28 The ASTC 


diagram 
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There’s a convenient way to shorten the working when you use the method 
demonstrated in Example 4. It’s based on the diagram in Figure 28. In 
this diagram the letter in each quadrant indicates which of sin 0, cos 0 and 
tan are positive when the point P associated with the angle 0 lies in that 
quadrant: 


e A stands for all 
e S stands for sin 
e T stands for tan 
e C stands for cos. 


This diagram, which we’ll call the ASTC diagram, is often useful, so it’s a 
good idea to memorise it, if you can. You might find it helpful to use a 
mnemonic, such as ‘All Silly Tom Cats’. In some texts it’s called the 
CAST, rather than ASTC, diagram, which is easier to remember, but has 
the disadvantage that the first letter of the acronym doesn’t correspond to 
the first quadrant. To use the ASTC diagram, you combine it with the 
following useful fact, which is illustrated by the working in Example 4 and 
Activity 14. (Here the symbol ¢ is the lower-case form of the Greek letter 
phi, which is pronounced ‘fie’.) 


Suppose that 0 is an angle whose associated point P does not lie on 
either the x- or y-axis, and ¢ is the acute angle between OP and the 
a-axis. Then 


sind =+sing 
cos 0 = +cos@ 
tang = "5 tan O. 


The ASTC diagram tells you which sign applies in each case. 


(The values sin ¢, cos ¢ and tan ¢ are all positive, because ¢ is acute.) 


The next example repeats Example 4 above, but uses the ASTC diagram 
to shorten the working. 


BIA 
A 


® 
Xy 


@. Use the ASTC diagram to express the sine, cosine and tangent of 
the original angle in terms of the sine, cosine and tangent of the acute 
angle. Then obtain the final answers by finding the sine, cosine and 
tangent of the acute angle. Here you can use the special angles 

table. ® 


Since 37/4 is a second quadrant angle, its sine is positive and its 
cosine and tangent are negative. Hence 


s 37 ere ae | 
sin 7 TU 


Activity 15 Finding trigonometric ratios using the ASTC diagram 


Use the ASTC diagram and the special angles table (page 22) to find the 
sine, cosine and tangent of each of the following angles. 


(a) 27/3 (b) 77/6 (c) —77/3 


Another way to find the sine, cosine or tangent of any angle is simply to 
use your calculator, in the same way that you do for acute angles. You 
might like to use your calculator to check your answers to Activity 15. 


However, it’s still important that you understand the method 
demonstrated in Examples 4 and 5. One reason for this is that you can 
sometimes use this method to obtain exact values of sine, cosine and 
tangent where a calculator will give you only approximate values. Another 
reason is that you can use the ideas of the method to solve trigonometric 
equations, as you’ll see later in this section. 
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2.3 Graphs of sine, cosine and tangent 


You have seen that sine, cosine and tangent are rules whose inputs are the 
sizes of angles and whose outputs are numbers. In other words, sine, cosine 
and tangent are functions. They are known as trigonometric functions. 


You may think at first that the trigonometric functions aren’t quite the 
same as the functions that you met in Unit 3. For a start, functions in 
Unit 3 were usually written as a single letter, such as f, whereas the sine, 
cosine and tangent functions are written as three letters, namely sin, cos 
and tan. 


Another difference is that you wrote f(x) in Unit 3 for the image of an 
element under a function, whereas here we have been writing sin 0, cos 0 
and tan @. This is a convention in trigonometry: angles are usually 
represented by @ in preference to x, and brackets are usually omitted from 
expressions such as sin @. It is also perfectly correct to write sin(@), or to 
represent an angle by x and write sin x or sin(x). 


Another apparent difference is that the input values of the trigonometric 
functions are angles, rather than real numbers. In fact, you can think of 
the input values of trigonometric functions as real numbers, and it’s often 
convenient to do so. The notation that we’ve been using for angle sizes 
helps us to do this. For example, when we write sin(7/2), the input value 
m/2 is a real number that is the size of an angle measured in radians. In 
general, the input values of the trigonometric functions are real numbers 
that are the sizes of angles measured in radians. (However, it still makes 
sense to write sin(90°), for example, because 90° = 7/2.) 


As you saw in Unit 3, a useful way to understand the properties of a 
function is to draw its graph. In this subsection you'll see the graphs of the 
trigonometric functions, and use these graphs as an alternative to the 
ASTC diagram to work out values of sine, cosine and tangent. 


In the next activity, you can see the graphs of the sine and cosine functions 
generated directly from their definitions in terms of the coordinates of a 
point on the unit circle. 


Activity 16 Understanding graphs of trigonometric functions 


Open the Graphs of sine and cosine applet. Explore the graphs of the sine 
and cosine functions as directed. 


Let’s now look at some of the properties of the graphs of the sine, cosine 
and tangent functions in more detail. 


2 Trigonometric functions 


The graph of the sine function 


The graph of sine is shown in Figure 29. 


sin 0 


T 
TG 
2 


This part of the 
graph is repeated. 


Figure 29 The graph of the sine function 


First look at the part of the graph for values of 0 between 0 and 27. As 
the angle 0 increases from 0 to 27, the value of sin @ oscillates from 0 to 1 
to 0 to —1 and back to 0. To see why this is, remember that sin @ is the yt 
y-coordinate of the point P on the unit circle (see Figure 30). As the 
angle 0 increases from 0 to 27, the point P starts on the positive x-axis P 
and rotates once anticlockwise around the unit circle, back to where it 6 
started. As P rotates, its y-coordinate oscillates from 0 to 1 to 0 to —1 
and back to 0. Nowhere is sin 0 greater than 1 or less than —1, because P 
is constrained to lie on the unit circle. 


RY 


Since P returns to its original position after a complete rotation 
through 27, you can see that sin(@ + 27) = sin 8 for any angle 8. This 
implies that the graph of sine oscillates endlessly to the right and to the Figure 30 The point P has 
left, repeating its shape after every interval of 27. This fact is expressed by coordinates (cos 6, sin 0) 
saying that the graph is periodic, with period 27. 


The graph of sine has other symmetry features. For instance, if you rotate 
the whole graph through a half-turn about the origin, then it remains 
unchanged. Also, any vertical line through the centre of a peak or trough 
of the graph is a line of mirror symmetry. 


The graph of the cosine function 


The graph of cosine is shown in Figure 31. 


ie 
This part of the 
graph is repeated. 


Figure 31 The graph of the cosine function 


To understand why the graph of cosine has the shape that it does, you can 
think about it in a similar way to the graph of sine, remembering that 


35 


Unit 4 Trigonometry 


36 


cos 0 is the x-coordinate of the point P on the unit circle, rather than the 
y-coordinate. Like the graph of sine, the graph of cosine is periodic with 
period 27, and any vertical line through the centre of a peak or trough is a 
line of mirror symmetry. In fact, you can obtain the graph of cosine by 
translating the graph of sine to the left by 7/2. 


The graph of the tangent function 


The graph of the tangent function, shown in Figure 32, differs from the 
other two graphs in that it is broken up into separate pieces, and it takes 
arbitrarily large positive values and arbitrarily large negative values. 


tanĝa 


Con y 
This part of the 
graph is repeated. 


Figure 32 The graph of the tangent function 


Like the graphs of sine and cosine, the graph of tangent is periodic, but its 
period is m rather than 27. The breaks in the graph occur when 

0 = T/2 + nr, for some integer n. These are the values of 6 for which tan 0 
is undefined, because the y-coordinate of the point P is zero, as you saw on 
page 30. The vertical dashed lines drawn on the graph are asymptotes: the 
graph approaches but never reaches them. (You met the idea of an 
asymptote in Unit 3.) 


Using the graphs to find values of trigonometric functions 


You can use the graphs that you’ve met in this subsection to work out the 
sine, cosine or tangent of an angle from the sine, cosine or tangent of an 
acute angle, as an alternative to using the ASTC diagram. The method is 
demonstrated in the following example. 
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Example 6 Finding sines, cosines and tangents by using graphs A 


Use the graphs of sine and tangent, and the special angles table, to 
find the following values. 


yan (=) (b) tan (—*) 


Solution 
(a) @. Find the approximate location of 57/6 on the b-axis of the 
graph of sine (the important thing is to locate it between 1/2 
and 7). Mark the corresponding point on the graph. ©& 
sin 0 î 


14 


? 


2T 0 


@. Use the symmetry of the graph to relate sin (57/6) to the sine 
of an acute angle. You can use the vertical line of symmetry 
through 0 = 7/2. @ 


T 


T Qn 
Ko Pi 
J | 
| 
| 


These two distances 


T 
both —. 
Bre On 


5a 7 


1 
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From the graph, 


Since sin(7/6) = 


1 

2 

a 57 1 
im {| —= || = =, 
6 2 


(b) ®. Find the approximate location of —7/3 on the 6-axis of the 
graph of tangent (the important thing is to locate it between 
—/2 and 0). Mark the corresponding point on the graph. ® 


@. Use the symmetry of the graph to relate tan (—7/3) to the 
tangent of an acute angle. ® 


m These two distances 
are equal. 


WA; 0 


These two distances 


T 
boun = 
are boul 
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In the next activity, you can practise finding values of sine, cosine and 
tangent using the graph method demonstrated in Example 6. The graphs 
that you sketch don’t need to be accurate: they just need to illustrate the 
symmetry properties of the trigonometric functions. 


Activity 17 Finding sines, cosines and tangents by using graphs 


Use the graphs of sine, cosine and tangent to find the following values. 


© sn(-2) © ews (-Z) © tan (22) 


Using the variables x and y for trigonometric functions 


Sometimes it’s convenient to use a letter other than 0 to denote the input 
variable of a trigonometric function. For example, it’s often convenient to 
use the letter x to denote the input variable and the letter y to denote the 
output variable. These are the standard letters for the input and output 
variables of functions, as you saw in Unit 3. You'll use this notation in the 
next subsection, and also in the calculus units later in the module. 

Figure 33 shows the graphs of the trigonometric functions with this 
notation used. 


(a) (b) 


Figure 33 The graphs of (a) y = sin z (b) y = cosa (c) y = tana 


You need to be careful with this change of notation. Earlier in this unit, 
the letters x and y denoted the coordinates of the point P on the unit 
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circle. With the changed notation, we’re using the same letters for 
completely different quantities. In particular, remember that x denotes the 
quantity that was previously denoted by 0. 


Modelling waves 


In physics, a wave is an oscillation that transfers energy from one 
place to another. There are waves that you can see, such as water 
waves and waves on a guitar string, and waves that are invisible to the 
human eye, such as sound waves and microwaves. When waves are 
invisible, imaging devices can be used to represent them graphically. 


Simple periodic waves can be modelled by translating and scaling the 
sine or cosine function. However, periodic waves may have a more 
complicated form, as illustrated in Figure 34. 


DRT NII NT. 


An electrocardiogram VEN OO 


displays the heart’s electrical 
activity, which varies 
periodically with every 
heartbeat 


Figure 34 A selection of waves 


You can model complicated periodic waves by scaling sine and cosine 
functions and adding them together. For example, Figure 35 shows 
the graph of the function 


f(t) = 1.4sin(t) + 0.3 cos(2t) + sin(5t). 


In this case, the letter t is used for the input variable of the function, 
rather than 0. This is because a function that models a wave often 
has an input variable that represents time. 


Figure 35 The graph of f(t) = 1.4sin(t) + 0.3 cos(2t) + sin(5t) 
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If you add together many scaled sine and cosine functions, then you 
obtain a type of function called a Fourier series. Such functions can 
be used to model any periodic wave. They were developed by the 
French mathematician Joseph Fourier (1768-1830), in order to model 
variations in temperatures. 


2.4 Inverse trigonometric functions 


In this subsection you'll learn more about the inverse trigonometric 
functions sin~!, cos~! and tan~!, which you used in Subsection 1.4 to find 
acute angles in right-angled triangles. 


In Unit 3 you saw that if a function f is one-to-one, then it has an inverse 
function f7}, whose rule is given by 


fly) =2, where f(a) =y. 


The sine, cosine and tangent functions are not one-to-one. Take the sine 
function, for example, whose graph is shown in Figure 36. You can see 
that there are many input numbers that have the output number $, such 
as 7/6, 57/6 and —77/6. In fact, because the sine function is periodic, 
there are infinitely many input numbers with the output number 2. 


Figure 36 The graph of the sine function, with solutions of sin x = 5 
labelled 


As you saw in Unit 3, to obtain ‘some sort of inverse function’ for a 
function that isn’t one-to-one, we need to start by specifying a new 
function that has the same rule as the original function, but a smaller 
domain. (Remember that such a function is called a restriction of the 
original function.) We choose the smaller domain to ensure that the new 
function is one-to-one and has the same image set as the original function. 
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For the sine function, the most convenient smaller domain is the interval 
[—1/2, 7/2], which includes all the acute angles. The graph of the sine 
function with this restricted domain is shown in Figure 37. 


Yr y =sing 
(x € [-1/2, 7/2) 


Sv 


Figure 37 The graph of y = sinz (x € [—7/2,7/2]) 

The function in Figure 37 has the same image set as the sine function, 
namely the interval [—1, 1]. It is increasing on the whole of its domain, so 
it is one-to-one, and therefore has an inverse function. Its inverse function 
is called the inverse sine function and is denoted by sin“. (It is 
convenient to use this terminology and notation, even though sin~! is 
actually the inverse function of a restricted version of the sine function.) 


Inverse sine function 


The inverse sine function sin“! is the function with domain [—1, 1] 
and rule 


sin™t a = Y, 


where y is the number in the interval [—7/2, 7/2] such that sin y = x. 


As before, you may choose to write either sin~! x or sin™t (x), whichever 
seems clearer. 


You can find the inverse sines of some numbers by using the sines of angles 
that you know already. For example, 


sin0 = 0, so sin-'0 = 0, 


hi =1, so sin t1= g 
2 , 2” 
and 
m l1 soid o T 
g — z sO sin 7 = a 


However, you have to be careful. For example, sin(57/6) = 3, but it 
doesn’t follow that sin! i = 5r/6, because 57/6 isn’t in the interval 
[—m/2,7/2]. In fact, sin~! 5 = 7/6, as stated above. There’s more about 
finding the inverse sines of numbers (and inverse cosines and inverse 


tangents) later in this subsection, and in Subsection 2.5. 
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You saw in Unit 3 that the graphs of a one-to-one function and its inverse 
function are the reflections of each other in the line y = x (when the 
coordinate axes have equal scales). So the graph of the inverse sine 
function is as shown in Figure 38(b). 


YA y =sing 2 


(x € [-7/2,7/2]) 


RY 


Figure 38 The graphs of (a) y = sin x (x € |[-7/2,7/2]) (b) y=sin ‘a 


Like the sine function, the cosine function is not one-to-one, so to obtain an 
inverse function we must restrict its domain. The most convenient smaller 
domain for the cosine function is the interval [0,7], which again includes 
all the acute angles. The graph of the function obtained by restricting the 
domain of the cosine function to this interval is shown in Figure 39(a). It 
is decreasing on the whole of its domain, so it has an inverse function, 


called the inverse cosine function and denoted by cos~!. 


Inverse cosine 


The inverse cosine function cos~! is the function with domain 
[—1, 1] and rule 


cos-t a = Y, 


where y is the number in the interval [0, m] such that cosy = z. 
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The graph of the inverse cosine function is obtained by reflecting the graph 
in Figure 39(a) in the line y = z, and is shown in Figure 39(b). 


y 
N-Ṣ 
y = cost g 
Yey EosT E 
(x € [0,7]) 2 
1 
T T T Fi 1 7 
2 
—|4 


(a) (b) 


Figure 39 The graphs of (a) y = cosx (x € [0,7]) (b) y= cost x 


We can carry out a similar process for the tangent function. The most 
convenient smaller domain for this function is the interval (—7/2, 7/2). 
The function obtained by restricting the tangent function to this domain is 
shown in Figure 40(a). Its inverse function is called the inverse tangent 
function, denoted by tan~!, and its graph is shown in Figure 40(b). 


Inverse tangent 


The inverse tangent function tan~! is the function with domain R 
and rule 


tanta = Y, 


where y is the number in the interval (—7/2,7/2) such that tan y = z. 


44 


: YA Y = tang 
| (x = (—1/2,1/2)) 
| | YA 
| | 
7 7 y= tan“! T 
| | 2 
| | 
t t = > 
T T £ T 
2 2 : a d 
| | 2 
| | 
| | 
| | 
(a) | | (b) 


Figure 40 The graphs of (a) y = tan g (x € (—7/2,7/2)) (b) y = tan™t x 


The graph in Figure 40(a) has two vertical asymptotes, with equations 
x = —n/2 and x = 7/2. Accordingly, the graph of the inverse tangent 
function, in Figure 40(b), has two horizontal asymptotes, with equations 
y = —7/2 and y = 77/2. 


The inverse sine, inverse cosine and inverse tangent functions are known as 
inverse trigonometric functions. As you saw earlier, alternative names 
for these three functions are arcsin, arccos and arctan, respectively. 
Calculators and computers may also use the names INV SIN, INV COS, 

INV TAN or asin, acos, atan. 


One way to find the inverse sine, inverse cosine or inverse tangent of a 
number is to use your calculator. You did this for positive numbers in 
Subsection 1.4, and you can find the inverse sine, inverse cosine or inverse 
tangent of any suitable number in the same way. For example, a calculator 
gives cos~+(—0.6) = 2.214297 43.... 


However, a calculator may give a decimal approximation where it is 
possible to find an exact value. As you saw earlier, you can find the exact 
values of the inverse sine, inverse cosine or inverse tangent of some special 
numbers by using values of sine, cosine and tangent that you know already. 


For example, you know from the special angles table on page 22 that 
tan(7/6) = 1/\/3. So, since the angle 7/6 lies in the interval to which we 
restricted the domain of the tangent function earlier, namely (—7/2, 7/2), 
it follows that tan—!(1//3) = 7/6. 
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Activity 18 Finding exact values of inverse sines, inverse cosines and 
inverse tangents 


Find the following angles without using your calculator. 
(a) sin71(/3/2) (b) cos“! 4 (c) cos7t 0 (d) cos™} 1 
(e) cos™t(v3/2) (f) tant 0 (g) tant 1 


All the values of sine, cosine and tangent in the special angles table are 
positive, so you can’t use this table directly to find the exact values of the 
inverse sine, inverse cosine or inverse tangent of any negative numbers. 
However, you can find these values by using symmetry properties of the 
inverse trigonometric functions that follow from the symmetry properties 
of the trigonometric functions. 


l x in Figure 38 on 


For example, as you can see from the graph of y = sin™ 
page 43, the following identity holds: 


sin™t(—z) = —sin™! z. 


1 


So, for instance, since sin” f = 7/6, you can deduce that 


The graphs of y = cos~! x and y = tan~! z, in Figures 39 and 40, also have 


symmetry properties that give rise to similar identities. These identities 
are listed below. 


se (=r) = =en a 
cos™t(—r) = m — cos! x 


(ei (=x) = Stic a 


These identities enable you to find inverse sines, inverse cosines and inverse 
tangents of negative numbers. The following activity gives you a chance to 
try this. 


Activity 19 Finding further exact values of inverse sines, inverse 
cosines and inverse tangents 


Use the identities above and your answers to Activity 18 to find the 
following angles without using your calculator. 


(a) sin-!(—/3/2) (b) cos~!(—3) (c) cos-1(—1) 
(d) cos~!(—V/3/2) (e) tan7!(—1) 


2.5 Solving simple trigonometric equations 


Equations that contain trigonometric functions of the unknown(s) are 
called trigonometric equations. Simple trigonometric equations such as 


1 
sin? = 5, cos9=0.3 and tan@d=-—1 


occur frequently when you’re working with trigonometric functions. 


One solution of such a simple trigonometric equation can be obtained by 
using an inverse trigonometric function described in the previous 
subsection. For instance, one solution of the equation sin 0 = $ is 
1 7 
é=sin t =, 
2 6 
As you saw earlier, however, there are other solutions, such as 57/6 and 
—77x/6, as illustrated in Figure 41. In fact there are infinitely many 
solutions of the equation sin 0 = 5; since the sine function is periodic. 


sin 04 


14 


1] 
2 


Figure 41 The graph of the sine function, with solutions of sin z = = 
labelled 


Usually when you want to solve a simple trigonometric equation, it’s best 
to begin by finding all the solutions that lie in an interval of length 27 
(360°), such as [0,27] or [—7, a]. There are usually two such solutions. 
Then you can obtain any other solutions that you want by adding integer 
multiples of 27 to the first solutions that you found. 


In this subsection you’ll be shown two methods for finding all the solutions 
of a simple trigonometric equation that lie in a particular interval of 
length 27. 


In the first method, you use the ASTC diagram, in Figure 42, and the 
facts in the box below, which are repeated from page 32. 
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Second { First Suppose that 0 is any angle whose associated point P does not lie on 
quadrant quadrant either the x- or y-axis, and ¢ is the acute angle between OP and the 
S A x-axis. Then 
> sin 9 = + sin O 
T @ cos 0 = + cos ġ 
Third Fourth tan = + tan @. 
quadrant quadrant 


The ASTC diagram tells you which sign applies in each case. 
(The values sin ¢, cos ¢ and tan ¢ are all positive, because ¢ is acute.) 
Figure 42 The ASTC 


diagram 


The method is illustrated in the next example. 


Cc) Example 7 Solving simple trigonometric equations using the ASTC 
m- diagram 
(a) Find all solutions between —r and 7 of the equation tan = —1. 


Give exact answers. 


(b) Find all solutions between 0° and 360° of the equation cos 8 = 0.3. 
Give your answers to the nearest degree. 


Solution 


(a) ®. Use the ASTC diagram to find the quadrants of the 
solutions. ©@ 


The tangent of 0 is negative, so 0 is a second- or fourth-quadrant 
angle. 


@. Sketch each of the possible quadrants with a line OP in each. 
On each sketch mark the associated angle 0 that lies in the 
interval |—7, 7], and the acute angle ¢ between OP and the 
z-axis. ® 


YA YA 


© 
Sy 
© 


So 


R 
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@. Use the given equation and the facts in the box above to write 
down the value of tan ¢. Hence use the special angles table or 
your calculator to find ¢. & 


Here 

tan@ = —1, 
SO 

tang = 1, 
and hence 


T 
= tan! 1 = —. 
Q = tan 7 


®@. Now use your sketches to find the possible values of 0. ® 


The solutions are 


T 37 
b = — = =S => —— 
T—-QO=T7 7 7 
and 
T 
CE a 


(b) ®. Use the ASTC diagram to find the quadrants of the 
solutions. ©@ 


The cosine of 6 is positive, so @ is a first- or fourth-quadrant angle. 


@. Sketch each of the possible quadrants with a line OP in each. 
On each sketch mark the associated angle 0 that lies in the 
interval [0°, 360°], and the acute angle ¢ between OP and the 
z-axis. ® 


YA YA 


@. Use the given equation and the facts in the box above to write 
down the value of cos ¢. Hence use your calculator to find ¢.. ® 
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Here 

Co = 0.3. 
so 

Com = S 
and hence 


p= C" 03 = 2512 


@. Use your sketches to find the possible values of 6. ® 
The solutions are 


0 = ġ = 72.542.. .° 


and 
6 = 360° — ¢ 
= 360 Daa 
= UST AST oan: 


So the solutions are 73° and 287°, to the nearest degree. 


When you use the method demonstrated in Example 7, it is helpful to 
check your answers. For example, in Example 7(b), you can use your 
calculator to check that cos 73° and cos 287° are both approximately 0.3. 


In the next activity, remember to set your calculator to degrees or radians, 
as appropriate, and to check your answers. 


Activity 20 Solving simple trigonometric equations using the ASTC 
diagram 


(a) Find all solutions between —7z and 7 of the equation sin 8 = —5. Give 
exact answers. Hence find all solutions between 7 and 37 of this 
equation. 


(b) Find all solutions between —180° and 180° of the equation tan @ = —5. 
Give your answers to the nearest degree. 


The next example demonstrates an alternative strategy for solving simple 

trigonometric equations. It involves using the graphs of the trigonometric 

functions. Usually it doesn’t matter which of the two methods you use to 

solve a simple trigonometric equation: you should choose the one that you 
prefer. 


2 Trigonometric functions 


Example 8 Solving simple trigonometric equations using the graphs 
of the trigonometric functions 


(a) Find all solutions between 0 and 27 of the equation sin 0 = 3/2. 
(b) Find all solutions between —180° and 180° of the equation 

cos 0 = —0.6. 
Solution 


(a) @. Sketch the graph of sine in the interval 0 to 27. Sketch the 
horizontal line at height 3/2, and mark the crossing points. The 
-coordinates of these points are the required solutions of 


sin 0 = /3/2. ®@ 


sin ĝa 

14 
V3 
ae 


@. Find one solution using inverse sine. ® 


One solution is 


8 = sin™t ($) = 
2 


@. Use the symmetry of the graph to find the other solution. ® 


© 
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These two distances 
T 

are both —. 
3 


From the graph, the other solution is 
=r a A 
3 3 
So the solutions are 7/3 and 27/3. 

(b) &. Sketch the graph of cosine in the interval —180° to 180°. 
Sketch the horizontal line at height —0.6, and mark the crossing 
points. The 6-coordinates of these points are the required 
solutions of cos 0 = —0.6. © 


cos 04 


DT 


7~90° 908 


—0.6 
ee 


@. Find one solution using inverse cosine on a calculator. ® 
One solution is 


@= cos ( 06) 126.869... °. 


@. Use the symmetry of the graph to find the other solution. © 


From the graph, the other solution is 


6 = —126.869...°. 


So the solutions are —127° and 127°, to the nearest degree. 


In the next activity, you can practise using the graph method 
demonstrated in Example 8 to solve simple trigonometric equations. As 
before, the graphs that you sketch don’t need to be accurate: they just 
need to illustrate the symmetry properties of the trigonometric functions. 


Activity 21 Solving simple trigonometric equations using the graphs 
of the trigonometric functions 


(a) Find all solutions between —180° and 180° of the equation tan @ = 10. 
Give your answers to the nearest degree. 


(b) Find all solutions between —7 and ~ of the equation sin @ = —1/V/2. 


Although it doesn’t usually matter which of the two methods you use to 
solve a simple trigonometric equation, you can’t use the ASTC method if 
the solutions of the equation are multiples of 7/2. That is, you can’t use it 
to solve any of the following seven ‘special’ trigonometric equations: 


sinf = 1, cosĝ= 1, 

sinf = —1, cos = —1, 

sind=0, cosĝ=0, tand=0. 
You can solve these equations by using the graph method, or just by 
thinking about the definitions of sine, cosine and tangent. For example, 
suppose that you want to solve the equation sin 0 = 1. This equation tells 
you that the point P associated with the angle 0 has y-coordinate 1. So 


the solutions are 0 = 7/2 and all angles obtained from 7/2 by adding or 
subtracting integer multiples of 27. 


Activity 22 Solving simple trigonometric equations whose solutions 
are multiples of 1/2 


(a) Find all solutions in the interval [—7, 7] of the equation sin 0 = 0. 


(b) Find all solutions in the interval [0,47] of the equation cos @ = —1. 
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Figure 43 A triangle with 
an unknown side length b 
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3 Sine and cosine rules 


In this section yov’ll see how to use trigonometry to find side lengths and 
angles in triangles that don’t have a right angle. You’ll also meet a useful 
trigonometric formula for the area of a triangle, and another formula that 
expresses the relationship between the gradient of a straight line and the 

angle that it makes with the x-axis. 


3.1 The sine rule 


Suppose that you want to work out the length of the side labelled b in the 
triangle in Figure 43. You have learned how to find side lengths of 
right-angled triangles, but the triangle here does not have a right angle, so 
the methods from Section 1 do not apply. Instead you must use a different 
method. The most convenient method is the sine rule, which is the subject 
of this subsection. 


The sine rule is most easily stated using the notation shown in Figure 44. 
Here the vertices of a triangle are labelled as A, B and C, and the sides are 
labelled as a, b and c. The labels are chosen in such a way that vertex A is 
opposite side a, vertex B is opposite side b, and vertex C is opposite side c. 
This is common notation for a triangle, which makes formulas easier to 
remember. It will be used throughout the rest of this unit. 


C 


A C B 


Figure 44 A triangle with vertices A, B and C and sides a, b and c 


Note that the letters A, B and C will be used to represent both the 
vertices of the triangle and the angles at those vertices. For instance, we 
will write the sine of the angle at vertex A as sin A. 


Let’s move on to discuss the sine rule. Figure 45 shows a triangle in which 
a dashed line of length h has been drawn from the vertex C, perpendicular 
to the opposite side c. Remember that two lines are perpendicular if 
they are at right angles to each other. 
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Figure 45 A triangle split into two right-angled triangles 


The dashed line divides the triangle into two right-angled triangles. 
Because sine equals opposite over hypotenuse, you can see from the 
left-hand triangle that 


h 
sin A = 3? 8 h = bsin A. 
In the same way, using the right-hand triangle, you can see that 


h 
sinB =-—, so h=asinB. 
a 


Therefore 
bsin A = h = asin B. 
This equation can be rearranged to give 
a | b 
sinA sinB’ 
In a similar way, using a dashed line drawn from the vertex A 
perpendicular to the opposite side a, you can show that 
b _ € 
sinB sinC’ 


Combining this equation with the one above gives the following rule. 


Sine rule 


The angles of the triangle in Figure 45 are all acute. However the sine rule 
holds for any triangle, even if it has an obtuse angle (an angle that is 
greater than 90° but less than 180°). The justification of the sine rule for 
such a triangle is similar to the justification above, but the dashed line of 
length h may lie outside the triangle, as illustrated in Figure 46. 


You can use the sine rule to find either unknown side lengths or unknown A c B 

angles in triangles. Let’s focus on unknown side lengths first. The 

following box describes when you can use the sine rule to find a side length Figure 46 A triangle with 

of a triangle. an obtuse angle: the dashed 
line lies outside the triangle 
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Using the sine rule to find a side length 


You can use the sine rule to find an unknown side length of a triangle 
if you know 


e the opposite angle 


e another side length and its opposite angle. 


Example 9 Using the sine rule to find unknown side lengths 


Find the side length b of the triangle below, giving your answer to one 
decimal place. 


Solution 
@. Label the vertices and the unknown side of the triangle. ® 


B C 


@. The unknown side is b, and the known sides and angles are c, B 


and C. So use the sine rule in the form — = Seni J 
snB  sinC 

By the sine rule, 

O & 

sinB  sinC’ 
so 
in B Denn 735° 
a EE EE SN la) (Goal dos 


sinC sin 49° 


Notice that in Example 9 the sine rule in the form 
b cœ 
sinB sinC 


was rearranged to give 


csin B 

sin C ’ 
before the values for B, C and c were substituted in. It’s usually simpler to 
rearrange a trigonometric formula, like the sine rule, into the form that 
you want before you substitute in. 


In the next activity, remember to set your calculator to degrees, rather 
than radians. 
Activity 23 Using the sine rule to find an unknown side length 


Find the side lengths b and c of the triangle below. Give your answers in 
centimetres to one decimal place. 


Activity 24 Using the sine rule to find a distant height 


The diagram below shows a building of unknown height x, in metres, and 
the values of two angles between the horizontal and a line to a point C on 
the top of the building, measured from points A and B that are 100m 
apart. Use the sine rule to find the distance BC, and hence deduce the 
height of the building, both to the nearest metre. 


C 


OOOOOO 


O ES (Sse 


A 100m B 
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Now let’s look at how you can use the sine rule to find unknown angles. 


Suppose that you know that two of the side lengths of a triangle are a = 51 
and b = 22, and that one of the angles is B = 23°, and you want to find the 
angle A. (Here we’re using the usual notation for triangles, so side a is 
opposite angle A, and side b is opposite angle B.) 


You can rearrange the sine rule in the form 


b a 
sinB sinA 
to make sin A the subject: 
in B 
sind = = 


You can then substitute in the values of a, b and B, to obtain 


asin B 51 sin 23° 
sin 5 59 0.905 


Because A is an angle of a triangle, it lies between 0° and 180°. However 
the equation sin A = 0.905... has two solutions between 0° and 180°, 
namely 65° (to the nearest degree) and 180°— 65° = 115° (to the nearest 
degree), as shown in Figure 47. 


sin 04 


14 
0.905 
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| | 
| | 
| | 
l 


> 


Goran) = 180: 270° 360° 8 


—l- 


Figure 47 Two solutions to sin A = 0.905... 


So the sine rule has provided two possible values for the angle A. Both of 
these possibilities can occur. You can draw a triangle with a = 51, b = 22, 
B = 23° and A ~x 65°, and you can draw another triangle with a = 51, 

b = 22, B = 23° and A & 115°, as shown in Figure 48. 
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(a) (b) 


Figure 48 ‘Two triangles that have a = 51, b = 22 and B = 23° 


So if you use the sine rule to find an unknown angle, then you may only be 
able to narrow down the answer to two possibilities: an acute angle, and 
an obtuse angle that is equal to 180° minus the acute angle. You can find 
the correct answer only if you have other information that tells you 
whether the unknown angle is acute or obtuse. 


Activity 25 Using the sine rule to find an unknown acute angle 


Suppose that a triangle has A = 19.9°, a = 7.6 and c = 16.4. Suppose also 
that C is acute. Find the angle C, in degrees to one decimal place. 


You have seen that when you use the sine rule to find an unknown angle 
you actually find two angles, one acute and one obtuse. The acute angle is 
always a valid solution, in the sense that you can always find a triangle 
with that acute angle and the other known sides and angles. In contrast, 
the obtuse angle is sometimes a valid solution, and sometimes it is not. For 
example, if adding the obtuse angle to the angle that you already know 
gives a total greater than 180°, then the obtuse angle is not a valid 
solution, because the sum of all three angles of a triangle is 180°. 


You have seen an example where both the acute angle and the obtuse 
angle are valid solutions. Let’s now look at an example in which the obtuse 
angle is not a valid solution. 


Example 10 Using the sine rule to find an unknown angle 


Suppose that one angle in a triangle is A = 37.0°, and two of its side 
lengths are a = 4.6 and c= 2.1. Find the angle C, in degrees to one 
decimal place. 


@ 
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Solution 


@. Sketch the triangle (the sides and angles need not be accurately 
drawn), and label the known sides and angles. & 


C. 


D e= VIl Al 


@. The unknown angle is C, and the known sides and angles are a, c 
and A. So use the sine rule in the form c/ sin C = a/ sin A. ® 
By the sine rule, 
€ ü 

sinC sin A’ 
Rearranging gives 
esinA _ 2.1sin 37.0° 

a. 4.6 

@. Find the acute and obtuse angles that satisfy sin C = 0.274.... ® 


sin Č = = 214 006 


The two possible solutions are 
O =sin (0.274, «,) = 15.946." 
and 
C= 130 — 15.9462. = 164.0532 - 
@. Check whether the obtuse angle is possible. ® 
If C = 164.053...°, then 
A + C = 37.0°+ 164.053...° = 201.053...°. 


This is impossible, because the sum of the angles A + B + C must be 
180°. Therefore C = 15.9°, to one decimal place. 


You may find it helpful to remember that, in a triangle, larger angles are 
found opposite longer sides, and vice versa. In Example 10, side a is longer 
than side c, so angle A must be larger than angle C. This gives you 
another way to check that angle C cannot be 164.1°, since angle C must be 
smaller than 37.0°, the value of angle A. 


The following box summarises when you can use the sine rule to find an 
unknown angle. 
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Using the sine rule to find an angle 


You can use the sine rule to find an unknown angle in a triangle if 
you know: 


e the opposite side length 
e another side length and its opposite angle. 


Sometimes you also need to know whether the unknown angle is acute 
or obtuse. 


Activity 26 Using the sine rule to find an unknown angle 


One angle in a triangle is B = 23.4°, and two side lengths are b = 9.3 and 
c= 8.1. Find the angle C, in degrees to one decimal place. 


3.2 The cosine rule 


There is another rule, known as the cosine rule, that you can use to find 
unknown side lengths and angles in triangles that are not necessarily 
right-angled triangles. 


This rule can be used in some circumstances where the sine rule cannot be 

used. Take Figure 49, for example, in which the side length a is unknown. 

You cannot use the sine rule, because neither of the two known side a 13 
lengths 13 and 15 is opposite the known angle 33°. Instead you can apply 


the cosine rule, as you'll see shortly. aX 


Here’s how the cosine rule is obtained. Once again, divide a triangle into 15 
two right-angled triangles by a dashed line of length h, as shown in 
Figure 50. The side of length c has been split into two parts: one part has Figure 49 A triangle with 


length y, so the other part has length c— y. an unknown side length a 
C 
b a 
[] 
A < yY >< iG yY B 
< G > 


Figure 50 The dashed line divides the triangle into two right-angled 
triangles 
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Figure 51 A triangle with 
an obtuse angle: the dashed 
line lies outside the triangle 
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Applying Pythagoras’ theorem to each of the right-angled triangles gives 


Expanding the brackets in the second of these equations gives 


a? = e — 2y +y +R. 


Since y? + h? = b? it follows that 


a? = Ê — 2cy +b? 


=b +c? — 2cy. 


Next, using the right-angled triangle on the left in Figure 50 you find that 
cos A = so y= bcos A. 


Substituting this expression for y into a? = b? + c? — 2cy gives 
a? = b? + c* — 2bc cos A. 


This equation is one form of the cosine rule. 


Cosine rule 
a? = b? +c — 2becos A 


There are two other equivalent forms of the cosine rule, that use other 
sides and angles: 


b? = @ +a? — 2ca cos B 
c =a? +b? — 2ab cos C. 


The triangle in Figure 50 has only acute angles. However, like the sine 
rule, the cosine rule holds for any triangle, even if it has an obtuse angle. 
The justification of the cosine rule for such a triangle is similar to the 
justification above, but the dashed line of length h may lie outside the 
triangle, as illustrated in Figure 51. 


Notice that if C is a right angle (7/2 or 90°), then cos C = 0, and the last 
equation above becomes a? + b? = c?, which is Pythagoras’ theorem for a 
right-angled triangle. In this way you can see that the cosine rule is a more 
general version of Pythagoras’ theorem. It applies to any triangle, whereas 
Pythagoras’ theorem applies only to right-angled triangles. 


The following box describes when you can use the cosine rule to find an 
unknown side length. 


Using the cosine rule to find a side length 


You can use the cosine rule to find an unknown side length of a 
triangle if you know the other two side lengths and the angle between 
them. 


Example 11 Using the cosine rule to find an unknown side length 


Find the length of the side a in the triangle below, to one decimal 
place. 


15 


Solution 
@. Label the angles and sides of the triangle. ® 


@. The known angle is A. So use the cosine rule in the form 
a? = b* + c? — 2bccos A. # 


By the cosine rule, 
a =b eC — %becos A. 
This gives 
a= Vb? + c — 2bc cos A 
= \/15? + 13? — 2 x 15 x 13 x cos 33° 


= 8.180...=82 (toldp.). 


In a calculation like the one at the end of the example above, it’s best to 
type the whole numerical expression, including the square root, into your 


3 Sine and cosine rules 


63 


Unit 4 Trigonometry 


64 


calculator in order to avoid rounding errors. If instead you evaluate the 
expression under the square root sign first, then don’t round it before 
taking the square root. 


Activity 27 Using the cosine rule to find an unknown side length 


Find the length of the side b in the triangle below, in millimetres to two 
decimal places. 


You’ve seen that you can use the cosine rule to find an unknown side 
length of a triangle if you know the other two side lengths and the angle 
between them. In fact, there’s another situation in which you can 
sometimes use the cosine rule to find an unknown side length, namely if 
you know the other two side lengths and the angle opposite one of them. 
However, in such circumstances it’s simpler to start by using the sine rule. 
Note that there may be two possible answers. 


Let’s now use the cosine rule to find unknown angles. This is simpler than 
using the sine rule to find unknown angles, because you never obtain two 
possible angles. The box below describes when you can use the cosine rule 
to find an unknown angle. 


Using the cosine rule to find an angle 


You can use the cosine rule to find an unknown angle if you know all 
three side lengths. 


Solution 
@. Label the sides a, b and c. @ 


@®. You want to find angle C, so use the cosine rule in the form 
c? = a? + b? — 2abcosC. Rearrange it to obtain an expression for 


cos C. ® 


Rearranging c? = a? + b? — 2ab cos C gives 


E e 
OC = a eee 
®. Substitute in the values of a, b and c. ® 
Ree 8? + 10? — 15? 
ZS 3 S< 10 


@®. Use inverse cosine to obtain a solution between 0° and 180°. ® 
e- eI = 15- 
C =cos! ees 


= DA il elp) 
2K 8x 10 ) oai 


Here’s an example for you to try. 


Activity 28 Using the cosine rule to find an unknown angle 


Find the angle opposite the side of length 3.6m in a triangle with side 
lengths 1.5m, 2.5m and 3.6m. Give your answer to the nearest degree. 


You have now seen four methods of finding unknown side lengths and 
angles in a triangle: 


e Pythagoras’ theorem 

e the trigonometric ratios sine, cosine and tangent 
e the sine rule 

e the cosine rule. 


The process of choosing which of these methods to use can be summarised 
in the form of a decision tree, as shown in Figure 52. 


3 Sine and cosine rules 


65 


Unit 4 Trigonometry 


Does the triangle contain a right angle? 


Yes No 


Does the problem only 
involve lengths? 


Do you know a length and the 
angle opposite (or can you 
find the angle opposite?) 


Yes| 


|e Yes| [No 


Pythagoras’ 
theorem 


daeh 


Tri J 
a Sine rule Cosine rule 
} E S = 2 19 2 
‘SOH CAH TOA sn A sinB sinC c| =a" + bl — 2ab COS C 


Figure 52 A decision tree showing methods of solving a triangle 
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All of these methods are used by surveyors when producing detailed plans 
for road and building construction, and they were used historically for 
creating maps, such as in the Great Trigonometric Survey (see page 21). 


3.3 The area of a triangle 


In this short subsection you’ll meet a useful formula for the area of a 
triangle, which involves the sine of one of the angles of the triangle. Our 
starting point is the more familiar formula below. 


Area of a triangle 
For a triangle, 


area = į x base x height. 


Remember that when you use this formula, the base of the triangle is one 
of its sides. Any side will do; different sides just lead to different 
calculations. The height of the triangle is the perpendicular distance from 
the base to the opposite vertex. Again, the height depends on the choice of 
base. Usually you draw the base horizontally and the height vertically, as 
shown in Figure 53. 


height height 


> 
base base 


Figure 53 The bases and heights of two triangles 


3 Sine and cosine rules 


Let’s use the formula above to obtain another formula for the area of a 
triangle, in terms of the lengths of two sides and the angle between these 
sides. Consider the triangle in Figure 54. The sides are labelled a and b, 
and the angle between them is labelled 0. 


First draw a dashed line of length h perpendicular to the base b, as shown 
in Figure 55. Then the area of the triangle is ibh. From the right-angled 


triangle on the left of Figure 55, § 
h 
sin z 5 asin AN 
Substituting this expression for h into the formula sbh gives b 


ties, i a a oe 
area = 5bh = 5b x asin 0 = sabsin 6. Figure 54 A triangle with 


an angle 0 between two sides 


This is the new formula for the area of a triangle. 
of lengths a and b 


Area of a triangle 
For a triangle with an angle 0 between two sides of lengths a and b, 


area = sab sin 0. 


a 
In this derivation of the formula for the area of a triangle, the angle 0 was 

acute. If the angle @ is obtuse, then the area formula still works, but its /0\ H 

justification is slightly different because the dashed line lies outside the b 

triangle; the details are omitted. 

You can use this area formula in the following activity. The activity Figure 55 The triangle in 


Figure 54 with its height 


invol l t , which i t ith l l d 
involves a regular pentagon, which is a pentagon with equal angles an bbdd as] 


equal side lengths. 


Activity 29 Finding the area of a pentagon 


By dividing the regular pentagon below into triangles, find its area in mĉ, 


to one decimal place. 
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Triangulation 


In mathematics, the word triangulate means to divide up into 
triangles. Any polygon can be triangulated, as illustrated in 

Figure 56. (A polygon is a flat shape whose boundary consists of line 
segments.) 


Figure 56 Triangulating a polygon 


You can calculate the area of a polygon by triangulating it, 
calculating the areas of each of the individual triangles, and then 
adding these to give the total area. 


You can also triangulate surfaces in three dimensions. This technique 
is particularly useful for computer programmers who work with 
graphics. After triangulating a surface, a programmer can use the 
triangulation to animate the object. 


The next activity asks you to think about other formulas for the area of a 
triangle. In each part, you should try to think of a mathematical reason 
why there is or isn’t a formula — you don’t need to actually find any 
formulas (which would be difficult). 


Activity 30 Thinking about other formulas for the area of a triangle 


(a) Do you think that there is a formula for the area of a triangle in terms 


of only the angles A, B and C? 


(b) Do you think that there is a formula for the area of a triangle in terms 


of only the side lengths a, b and c? 


3.4 The angle of inclination of a line 


In Unit 2 you saw that every straight line (that isn’t vertical) has an 
equation of the form y = ma +c. The number m is the gradient of the 
line: if it is positive, then the line slopes up from left to right, and if it is 
negative, then the line slopes down from left to right. The number c is the 
y-intercept. In this subsection you'll learn how the trigonometric function 
tangent can be helpful in describing the gradient of a straight line. 


The angle of inclination of a straight line is the angle that it makes with 
the x-axis, measured anticlockwise from the positive direction of the 
x-axis, when the line is drawn on axes with equal scales. A line with a 
positive gradient has an angle of inclination between 0 and 7/2, as 
illustrated in Figure 57(a). A line with a negative gradient has an angle of 
inclination between 7/2 and 7, as illustrated in Figure 57(b). 


ZO" KO 


(a) (b) 


Figure 57 The angle of inclination 6 of (a) a line with a positive gradient 
(b) a line with a negative gradient 


To understand the relationship between the gradient of a line and its angle 
of inclination, consider any angle 0 between 0 and m (but not equal 

to 7/2), and its associated point P(x,y) on the unit circle, as illustrated in 
Figure 58. The angle @ is the angle of inclination of the line OP and, since 
6 # 7/2, the line OP is not vertical, and hence has a gradient. 


Figure 58 An angle 0 and its associated point P on the unit circle 


You saw earlier that 


tan = Y 
x 
Also, by the usual formula for gradient, 
—0 
gradient of line OP = ae 
x—0 x 
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So we have the following useful fact. 


Gradient and angle of inclination of a straight line 
For any non-vertical straight line with angle of inclination 0, 
gradient = tan 0. 


Remember that the angle of inclination is measured when the line is 
drawn on axes with equal scales. 


Example 13 Finding the equation of a line with a given angle of 
inclination 

Without using a calculator, find the equation of the straight line 
shown below. 


Solution 
@. Write down the general equation of a line. ® 


The equation of the line is y= ma + c, where m is the gradient 
and c is the y-intercept. 


@. Find the y-intercept. ® 

The y-intercept is —2, since the line passes through the point (0, —2). 
@. Use the formula for gradient in the box above. © 

The gradient is tan(7/3) = v3. So the equation of the line is 


y= vV3r-2. 


4 Further trigonometric identities 


Activity 31 Finding the equation of a line with a given angle of 
inclination 


Without using a calculator, find the equation of the straight line shown 
below. 


(0, 3) 


4 Further trigonometric identities 


In this final section you’ll see some of the many identities that involve the 
sines, cosines and tangents of angles. These identities are useful in many 
areas of mathematics. For example, you'll use some of them in the units on 
calculus and complex numbers later in the module. 


There’s no need to memorise all the trigonometric identities that you’ll 
meet in this section: it’s more important that you become familiar with 
using them, and you'll achieve this through practice in applying them. 
They’re all listed in the Handbook. However, it’s worth memorising the two 
simple identities in Subsection 4.1, as they’re used very frequently. 


4.1 Two simple trigonometric identities 


What's sin q, 
You have met the two trigonometric identities in this subsection already: divided by COS a? 
you saw in Subsection 1.6 that they’re true for acute angles. Here you’ll 

see that they’re true for all angles for which the expressions in them are 


defined. 


For the first identity, remember that cos 0 and sin 0 are the z- and 
y-coordinates of the point P on the unit circle associated with the angle 0, 
and tan ð is the y-coordinate divided by the x-coordinate (when the 
x-coordinate is not zero). This gives the identity below. 


sin 0 


tan @ = 
es os 0 
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Figure 59 A point P on the 
unit circle 


Claudius Ptolemy 
(c. AD 90-168) 
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For the second identity, again consider an angle 0 and its associated 

point P on the unit circle. If P doesn’t lie on one of the axes, then you can 
draw a line from P perpendicular to the x-axis to form a right-angled 
triangle. Let’s consider the case in which P lies in the second quadrant, as 
illustrated in Figure 59. The length of the vertical side of the triangle is 
the y-coordinate of P, which is sin 0. The length of the horizontal side is 
the negative of the x-coordinate of P (since the x-coordinate is negative), 
so it is — cos 0. Hence, by Pythagoras’ theorem, 


(sin 0)? + (— cos 6)? = 1?, 
which simplifies to 
(sin 0)? + (cos 6)? = 1. 


You can see that a similar argument holds if P is in any of the other three 
quadrants, so the equation above is true for all the corresponding values 
of 0. The equation is also true if P lies on one of the axes: for example, if 
8 = 7/2, then P is at the top of the circle, so sin = 1 and cos@ = 0. So 
the equation is an identity. 


As mentioned earlier, the expressions (sin 0)? and (cos 0)? are usually 
written as sin? @ and cos? 0, so the identity above is usually written as 
follows. 


sin? 6+ cos? 0 = 1 


Activity 32 Writing sine in terms of cosine 


Show that 


ing lt- cos? 0 if sin@ is positive, 
© | -V1-—cos?@ if sind is negative. 


Many of the trigonometric identities in this section were known, in 
somewhat different forms, to the ancient Egyptian mathematician, 
astronomer and geographer Claudius Ptolemy. Ptolemy, who was of 
Greek descent, authored the influential book on astronomy Almagest 
— the name derives from the Arabic word ‘al-majisti’, which in turn 
derives from the Greek word for ‘greatest’. The book is a rich source 
of trigonometry, some of which was based on the work (now lost) of 
the ancient Greek mathematician Hipparchus (see page 15). 


4 Further trigonometric identities 


4.2 Trigonometric identities from the graphs of 
sine, cosine and tangent 


In this subsection you’ll see how to use the symmetry properties of the 
graphs of the sine, cosine and tangent functions (Figure 60) to deduce 
some trigonometric identities. 


sin 0+ cos Of tan Ot 


Figure 60 The graphs of the sine, cosine and tangent functions 


As you learned earlier, the trigonometric functions are periodic: sine and 
cosine have period 27, and tangent has period m. These facts give the 
identities below. 


sin (0 + 27) = sin 0 
cos (6 + 277) = cos 0 
tan(@+ 7) = tan 0 


The next set of identities comes from other symmetry properties of the 
graphs of the trigonometric functions. The vertical axis is a line of mirror 
symmetry for the graph of cosine, which means that cos @ and cos(—6@) are 
equal, for every angle 0. This gives the identity cos(—@) = cos 6. However, 
the sine of —@ is equal to the negative of the sine of 0, as you can see from 
Figure 60(a). That is, sin(—@) = — sin 0, for every angle 6. There is a 
similar identity for tangent. 


sin(—0) = — sin 0 
cos(—0) = cos 0 
tan(—0) = — tan 0 


For the final pair of identities in this subsection, notice from Figure 60 that 
if you translate the graph of cosine to the left by 7/2 and then reflect it in 
the vertical axis, you obtain the graph of sine. In other words, from what 
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Figure 61 A right-angled 
triangle with acute angle 0 
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you saw about translating and reflecting graphs in Unit 3, the graph of the 
function 


g(@) = cos (- + Z) 


is the same as the graph of the sine function. This in turn tells you that 
the equation 


cos (-6 + =) = sind 
is an identity. 


Notice also that if you translate the graph of sine to the left by 7/2 and 
then reflect it in the vertical axis, you obtain the graph of cosine. This 
gives the identity 


sin (-6 + Z) = cosl. 


These two identities are stated in a slightly neater form below. 


sin (z — 0) = cos 0 
cos (z — 0) = sind 


You met these identities for acute angles earlier in the unit. 


You can use the symmetries of the graphs of the sine, cosine and tangent 
functions to obtain many more trigonometric identities. 


4.3 Cosecant, secant and cotangent 


In Section 1, the sine, cosine and tangent of an acute angle 0 were defined 
as ratios of the sides of a right-angled triangle that has 0 as one of its 
acute angles (Figure 61). Specifically, they were defined by 
di 
sin? = a cosð = 22 and tané= SPE: 
hyp hyp adj 

There are three further ratios of the sides of such a triangle. These ratios 
are known as the cosecant, secant and cotangent of 0 (pronounced as 
‘co-see-cant’, ‘see-cant’ and ‘co-tan-gent’). They are written as cosec 0, 
sec @ and cot 0, and defined as follows: 


hyp _ hyp 
—, sech = —— 


adj 
cosec 0 = A J 


—- and coth = —. 
adj opp 


Cosec, sec and cot are pronounced as ‘co-seck’, ‘seck’ and ‘cot’. 


From these definitions you can see that the equations below hold. We use 
these equations as the definitions of cosecant, secant and cotangent for any 
angle 0 — not just for acute angles. 


4 Further trigonometric identities 


Cosecant, secant and cotangent 


i , : 
cosec 0 = T (provided sin 8 Æ 0) 


il : 
sec 0 = T. (provided cos # 0) 
o) = — l (provided sin 6 Æ 0) 


Since you have already seen that 


in 0 
tan@ = = (provided cos 0 # 0), 
cos 0 


the third equation above gives the following equation. 


1 : 7 
coud = AT (provided sin 0 4 0 and cos 6 Æ 0) 


So, essentially, the cosecant, secant and cotangent functions are the 
reciprocals of the sine, cosine and tangent functions, respectively. Since the 
reciprocal of a periodic function has the same period as the original 
function, the cosecant and secant functions have period 27 and the 
cotangent function has period r. 


Sine, cosine and tangent, together with cosecant, secant and cotangent, 
form the complete set of six trigonometric functions. The graphs of 
cosecant, secant and cotangent are shown in Figure 62. 


cosec 6 sec 0 coto. 
A ‘ | A A 
14 T 14 


AN AAN 


Figure 62 The graphs of the cosecant, secant and cotangent functions 


You can work out values of cosecant, secant and cotangent for some special 
angles by using the values of sine, cosine and tangent for these angles, as 
illustrated in the next example. 
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Activity 33 Finding values of cosecant, secant and cotangent 


Find the value of each of the following cosecants, secants and cotangents 
(or state that it is undefined), without using a calculator. 


(a) cosec0, secO and cot 0 


(b) cosec - sec . and cot a 


T T 1 
c) cosec —, sec — and cot — 
(c) p sec Gan i 


You can use the identity 
sin? @ + cos? 0 = 1 
to obtain two new identities involving cosecant, secant and cotangent. 
Dividing both sides of the identity above by cos? 8 gives 
sin?@ cos?0 1 
cos20 cos2@ cos?’ 
Dividing both sides of the original identity by sin? 0 instead of cos? 6 gives 


another new identity. Both of these new identities are sometimes useful, 
and are stated in the following box. 


that is, tan?@+1= sec? 0. 


4 Further trigonometric identities 


tan? 6+ 1 = sec? 6 
1+ cot? 6 = cosec? 6 


4.4 Angle sum and angle difference identities 


In this subsection and the next you'll meet some further trigonometric 
identities. These allow you to obtain the exact values of the sine, cosine 
and tangent of many more angles than the few special angles that you’ve 
seen so far, and they’re also useful in other contexts, such as calculus. 


Let’s begin with an identity that expresses sin(A + B) in terms of sin A, 
sin B, cos A and cos B. This identity is known as the angle sum identity 
for sine. The letters A and B represent any angles (they don’t have to be 
two angles from a triangle). 


Here’s how the identity can be obtained in the case where A and B are 
acute angles. Suppose that you have a right-angled triangle with an acute 
angle A, an adjacent side of length 1, and hypotenuse of length p, as shown 
on the left of Figure 63. You also have another right-angled triangle with 
an acute angle B, an adjacent side of length 1, and hypotenuse of length q, 
as shown on the right of Figure 63. 


At 


Figure 63 Two right-angled triangles 


If you stick these two triangles together along their sides of length 1, then 
you obtain the larger triangle shown in Figure 64. 


Figure 64 A triangle divided into two right-angled triangles 


Let’s now apply the formula for the area of a triangle that you met earlier. 
Remember that it tells you that the area of a triangle with an angle 0 
between sides of lengths a and b (as shown in Figure 65) is 5absin 6. We’ll 


ZÀ 


Figure 65 A triangle with 


an angle 0 between two sides 


of lengths a and b 
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apply this formula three times to the triangle in Figure 64, as follows. The 
area of the right-angled triangle on the left is ip sin A, the area of the 
right-angled triangle on the right is 54 sin B, and the area of the large 
triangle is Pq sin(A + B). But the area of the large triangle is also equal 
to the sum of the areas of the two right-angled triangles. That is, 

$Pq sin(A + B) = spsin A + $4 sin B. 


You can multiply both sides of this equation by 2 and then divide both 
sides by pq to obtain 


1 1 
sin(A+ B) = -sin A + -sin B. 
q p 


The right-angled triangle on the left of Figure 64 gives 


dj 1 
cos A = e -, 
hyp p 

and the right-angled triangle on the right of Figure 64 gives 
dj 1 
cos e = - 
hyp q 


Together the last three equations give 
sin(A + B) = sin A cos B + cos Asin B. 


This is the angle sum identity for sine. Although the justification above 
applies only when the angles A and B are acute, the identity holds for all 
angles A and B. This can be proved by considering various types of 
angles A and B, and using symmetry properties of sine and cosine to 
deduce the identity for each of these types from the case of acute angles. 


You can obtain a similar identity for cosine. Since the angle sum identity 
for sine is true for any angles A and B, it remains true if you replace A by 
m/2— A, and B by —B, where again A and B are any angles. This gives 


sin (z —-A- B) = sin (z — A) cos(—B) + cos € — A) sin(— B). 
Note that sin (7/2 — A — B) = sin (7/2 — (A + B)). Earlier on, in 
Subsection 4.2, you met the identities 

sin (5 — 0) = cos, cos (5 0) = sin 0, 

sin(—@) = — sin, cos(—@) = cos@. 

You can apply these identities as follows: 
sin (Z —(A+ B)) = sin (Z — A) cos(—B) + cos ( — A) sin(—B). 
—— e—.—" cos B — —sinB 
cos(A+B) cos A sin A 
This gives the angle sum identity for cosine: 
cos(A + B) = cos A cos B — sin Asin B. 


The angle sum identities for sine and cosine are stated again in the 
following box, for convenience. 


4 Further trigonometric identities 


Angle sum identities for sine and cosine 


sin(A + B) = sin Acos B + cos Asin B 
cos(A + B) = cos Acos B — sin Asin B 


If you divide the angle sum identity for sine by the angle sum identity for 
cosine, then you obtain 
sin Acos B + cos Asin B 
cos A cos B — sin Asin B` 
Dividing both the numerator and denominator of the fraction on the 
right-hand side by cos A cos B gives 

sinA sinB 


_ cosA cosB _ tanA+tanB 
E _ sin Ásin B  1—tanAtanB’ 
cos Á cos B 


tan(A + B) = 


This is the angle sum identity for tangent. 


Angle sum identity for tangent 


tan A + tan B 
ian(A + 8) =§ e a 
ne I= tan Atan B 


You have now seen all three angle sum identities. If you replace B by —B 
in each of the three angle sum identities, and use the identities 
sin(—B) = -sin B, cos(—B)=cosB and tan(—B) =—tanB, 


then you obtain the following three angle difference identities. 


Angle difference identities 
sin(A — B) = sin A cos B — cos Asin B 
cos(A — B) = cos A cos B + sin Asin B 
tan A — tan B 
A — B) = ——_—_ 
teak ) 1 + tan Atan B 


Let’s now look at how you can use the angle sum and angle difference 
identities to find the exact values of the sine, cosine and tangent of some 
more angles. If you know the exact values of the sine, cosine and tangent 
of two particular angles A and B (for example, from the special angles 
table), then you can apply the angle sum and angle difference identities to 
find the exact values of the sine, cosine and tangent of the angles A + B 
and A — B. Here’s an example. 
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® Example 15 Finding an exact value of cosine 
= Find the exact value of cos (77/12), without using a calculator. 
Solution 


@. Find angles A and B such that you know the exact values of sin A, 
sin B, cos A and cos B, and one of the equations A + B = 77/12 or 
A-—Bz=7n/12 holds. # 


Let A= 7/3 and B = 7/4. Then 
a ow 4 Sar or 
v 3 es 4 12 i 12 12 


@. Use the angle sum identity for cosine. ® 
The identity cos(A + B) = cos Acos B — sin Asin B gives 


cos i = cos (7 +=) 
DIE gd 


T E A 
= cos = cos — — sin — sin — 
3 4 3 4 


@®. Use the special angles table. ® 


il i v 1 
= -xXx — — 


@. For a neater answer, rationalise the denominator. You saw how to 
do this in Unit 1. Here you multiply both the numerator and 
denominator by v2. ® 


_ ¥2(1— v3) 
2/22 

_vi- ve 

Se: 


(v2- v6). 


1 
4 
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Activity 34 Finding exact values of sine, cosine and tangent 


Find the exact values of the following, without using a calculator. 


(yh (5) (b) tan (Z) 


Richard of Wallingford 


Richard of Wallingford (1292-1336) was a priest and a scholar at 
Oxford University. He wrote a book on trigonometry and its 
applications to astronomy, called Quadripartitum de sinibus 
demonstratis (Demonstrations of sines, in four parts). The first part 
of the book is on trigonometric identities, which he used to calculate 
values of sine and cosine. 


4.5 Double-angle and half-angle identities 


This subsection is about two more sets of trigonometric identities, the 
double-angle identities and the half-angle identities. The double-angle 
identities are obtained from the angle sum identities for sine, cosine and 
tangent by choosing A and B to be the same angle, say 0. 


The angle sum identity for sine is 

sin(A + B) = sin Acos B + cos Asin B. 
Taking A = 0 and B = @ gives 

sin(@ + 0) = sin @ cos 0 + cos @ sin 0; 
that is, 

sin(20) = 2sin @ cos 8. 


Next, the angle sum identity for cosine is 
cos(A + B) = cos Acos B — sin Asin B. 
Taking A = 0 and B = @ gives 
cos( + 8) = cos @cos 0 — sin 0 sin 6; 
that is, 
cos(20) = cos? 6 — sin? 6. 
Finally, the angle sum identity for tangent is 


tan A + tan B 


tan(A + B) = ———————. 
ATE] 1 — tan A tan B 


Further trigonometric identities 


AN 


s = 
es 2 T £ ws 


Richard of Wallingford, 
working in cramped 
conditions 
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Taking A = 0 and B = 0 gives 


tan@+ tand 
tan(@ + 0) = ——————_-: 
enteral) 1 — tan tan 0’ 
that is, 
2tan 6 
tan(20) = I tan 


These three identities are stated again below, for convenience. 


Double-angle identities 
sin(20) = 2sin 0 cos 0 
cos(20) = cos? @ — sin? 0 

2tan 6 


tan(26) = 7 tan? 


There are two alternative forms of the cosine double-angle identity. To 
obtain these, recall that sin? @ + cos? @ = 1, from which it follows that 
sin? @ = 1 — cos? 6 and cos? 0 = 1 — sin? 0. Therefore 
cos(20) = cos? 8 — sin? 6 
= (1 — sin? 0) — sin’ 6 
= 1-2sin’9, 
and 
cos(20) = cos? 0 — sin? 6 
= cos? 0 — (1 — cos? 6) 


= 2 cos? 0 — 1. 


Alternative double-angle identities for cosine 
cos(20) = 1 — 2sin? 9 
cos(20) = 2cos? 0 — 1 


These alternative double-angle identities for cosine can be rearranged into 
the forms below. In these forms they are known as the half-angle 
identities. 


Half-angle identities 


sin? f = 3(1 — cos(26)) 
cos? 9 = $(1 + cos(26)) 
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4 Further trigonometric identities 


The description ‘half-angle’ refers to the fact that these identities are 
sometimes stated with 0 and 20 replaced by 59 and 6, respectively, as 
follows: 
sin? (40) =} 
cos” ($0) = $(1 + cos 8). 
Like the angle sum and angle difference identities in the last subsection, 
the half-angle identities can be used to provide the exact values of the 


sines, cosines and tangents of some further angles. Specifically, if you know 


the exact value of the cosine of a particular angle, then you can use the 
half-angle identities to find the exact values of the sine and cosine (and 


hence tangent) of half of that angle. The exact values that you obtain can 


be quite complicated, however, as they often contain square roots within 
square roots. Here’s an example. 


Example 16 Using a half-angle identity to find an exact value 
of sine 
Find the exact value of sin (7/8), without using a calculator. 


Solution 


@®. The angle 7/8 is half of 7/4, which is one of the angles in the 
special angles table. So use a half-angle identity. © 


The half-angle identity for sine is 
sin? 9 = $(1 — cos(20)). 
@. Substitute in 0 = 7/8. @& 
So 
1 
sin? - ae (1 — cos 7) 


83 


Unit 4 Trigonometry 


84 


Here is a similar example for you to try. 


Activity 35 Using a half-angle identity to find an exact value of 
cosine 


Use a half-angle identity to find the exact value of cos (7/8), without using 
a calculator. 


As pointed out in Section 1, once you’ve found the exact value of the sine, 
cosine or tangent of a particular acute angle, you can find the exact values 
of the other two trigonometric ratios for the angle by sketching a suitable 
right-angled triangle, and using Pythagoras’ theorem and the definitions of 
sine, cosine and tangent. (Alternatively you can find them without 
sketching a triangle by using the identities sin? 6+ cos? 0 = 1 and 

tan = sin 8/ cos 8.) So you can use the answer to Example 16 to obtain 
the answer to Activity 35, instead of using a half-angle identity. You can 
also use it to obtain the exact value of tan(7/8). However, the answer you 
obtain this way is 


T 2—2 


tan = = j 
8 2+ v2 
which is quite complicated. You can obtain a simpler form of the answer 
by finding it in a different way, using a trigonometric identity, as you’ll see 
in the next activity. This illustrates that there are often various ways of 
working with trigonometric ratios. 


4 Further trigonometric identities 


Activity 36 Using a half-angle identity to find an exact value of 
tangent 


Use the double-angle formula for tangent with 20 = 7/4 to calculate an 
exact value for tan(7/8). 


Hint: if you write t = tan(7/8), then you can use the double-angle formula 
for tangent to give you a quadratic equation for t. 


At the end of the solution to Activity 36 there is an explanation of why the 
simpler form of the exact value of tan(7/8) is equal to the more 
complicated form given above. 


4.6 Yet more trigonometric identities 


The angle sum and angle difference identities, and the double-angle 
identities, can be used to deduce many new trigonometric identities, some 
of which are useful in other subjects such as calculus. 


For example, consider the angle sum and angle difference identities for sine: 
sin(A + B) = sin A cos B + cos Asin B 
sin(A — B) = sin Acos B — cos Asin B. 

Adding these gives 
sin(A + B) + sin(A — B) = 2sin A cos B. 


This identity enables you to convert a product of a sine and a cosine on 
the right-hand side into the sum of two sines on the left-hand side, which is 
sometimes useful. There are similar identities, which can be obtained in a 
similar way, that convert products of two cosines and products of two sines 
into sums or differences of cosines. 


The new identity above can be rearranged to give a slightly different 
identity that has some useful applications. Suppose that you let 


C=A+B and D=A-B. 
Solving these equations for A and B, by first adding them and then 
subtracting them, gives 
C+D C-D 
= and B= z` 


Substituting into the identity above gives 


C+D C-D 
sin C + sin D = 2 sin = cos : 
2 2 
This identity relates a sum of two sines on the left-hand side to a product 
of a sine and a cosine on the right-hand side. There are similar identities, 
which can be obtained in a similar way, for a difference of two sines, and 


A= 
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for a sum and difference of two cosines. These are listed in the following 
box, with the variables C and D replaced by the usual variables A and B. 


sin A + sin B = 2sin (=) cos (+) 


2 
sin A = sin B = 2sin (=) cos (=) 


A te 1B A = B 
cos A + cos B = 200s ( 5 ) cos ( 5 ) 


J 


These identities can be used whenever you find it useful to change a sum 
or difference of sines or cosines into a product of trigonometric functions, 
or vice versa. As with other trigonometric identities, there is no need for 
you to memorise them. 


A 
cos A — cos B = -2sin ( a 


You can use trigonometric identities to explain an interesting effect 
that’s obtained when two musical notes with similar frequencies are 
played at the same time. 


Consider the graphs of the functions f(t) = sin(20t) and 

g(t) = sin(22t), which are shown in Figure 66. They represent waves, 
such as sound waves, that are almost the same but have slightly 
different periods. 


Figure 66 The graphs of (a) f(t) = sin(20t) (b) g(t) = sin(22t) 


Now consider what happens when you add these two functions. You 
obtain the function 


h(t) = sin(20t) + sin(22t), 


whose graph is shown in Figure 67. 
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Figure 67 The graph of h(t) = sin(20t) + sin(22t) 


So ‘adding’ these two similar waves produces a wave with an 
interesting shape, consisting of fast oscillations with a slow variation 
in the magnitude of these oscillations. This shape can be explained by 
applying the ‘sum of sines’ identity above to give 


A(t) = sin(20t) + sin(22t) = 2sin(21¢) cost. 


So the graph of the function h can be thought of as the rapidly 
oscillating graph of sin(21t) scaled by the factor 2 cost, which 
produces a slow variation in magnitude, known as beating. 


You can observe this phenomenon when two musical notes with 
similar frequencies are played simultaneously, and the resulting slow 
variation in magnitude is heard as ‘beats’. 


5 Using the computer for trigonometry 


Activity 37 Working with trigonometric functions on the computer 


To complete your study of Unit 4, work through Section 6 of the Computer 


algebra guide, where you will learn how to use the computer to work with 
trigonometric functions. 


rica 
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Learning outcomes 


After studying this unit, you should be able to: 


use radians as a measure of angle, and convert between radians and 
degrees 


use sine, cosine and tangent to find unknown side lengths and angles 
of right-angled triangles 


define the sine, cosine and tangent of any angle 
sketch the graphs of sine, cosine and tangent 


use the ASTC diagram or graphs to find values of sine, cosine and 
tangent 


define inverse sine, inverse cosine and inverse tangent for any angle 
solve trigonometric equations using the ASTC diagram or graphs 


find unknown side lengths and angles in triangles using the sine rule 
and cosine rule 


calculate the area of a triangle from two side lengths and the angle 
between them 


define the cosecant, secant and cotangent of any angle 


understand and use trigonometric identities. 


Solutions to activities 


Solution to Activity 1 
(a) (i) 


Applying the degrees-to-radians conversion 
formula gives 


1 s ( x 1) di di 
= a—— ——. Ss. 


(ii) 


Applying the degrees-to-radians conversion 
formula gives 


345° = (= x 345) radians = = radians. 


180 


Applying the radians-to-degrees conversion 
180 


formula gives 
3 30 \° 
= radians = (= x =) = 108°. 


Applying the radians-to-degrees conversion 
180 


formula gives 
T TTN’ 
= radians = (= x T) = 315°. 


Solution to Activity 2 


(a) There are 2r radians in a full turn. A sector of 
7/3 radians has been removed, and 
2r — 1/3 = 57/3, so the shape is a sector of 
angle 57/3 radians. 


The perimeter of the shape consists of two 
straight lines of length 1cm, and an arc that 
subtends an angle of 57/3 radians. Using the 
arc length formula gives 57/3 x 1 = 57/3, so the 
arc length is 57/3cm. Then 
5 5 

1+1+2 =24 7 =7.235..., 
so the total perimeter of the shape is 7.2cm (to 
1 d.p.). 


(c) The area of a sector formula gives 
1 oT T 
= 1? 4 — = = 617 sa, 
a iG 


so the shape has area 2.6 cm? (to 1 d.p.). 


Solution to Activity 3 


(a) Pythagoras’ theorem says that the square of the 
hypotenuse is the sum of the squares of the 
other two sides. The sum of the squares of the 
other two sides is 


87 + 15? = 289. 


Solutions to activities 


Therefore the length of the hypotenuse is 
V 289 = 17. 

(b) For this angle 8, opp = 15, adj = 8 and 
hyp = 17. Therefore 


sind opp 15 
in@ = — = — 
hyp 17’ 

cos 0 = w = 
~ hyp 17’ 

opp 15 

tan@ = — = —. 
ae adj 8 


Solution to Activity 4 


Since sin 0 = 3: you can draw a right-angled 


triangle with one acute angle 0, such that opp = 5 
and hyp = 13. 


aN C 


Then, by Pythagoras’ theorem, 
13? = 5? + adj’, 


so 

adj = V169 — 25 = 12. 
Hence 

cos 0 = w o 

= hyp 13’ 
opp 5 

tan = — = —. 

any = adj T2 
Solution to Activity 5 

sin 62° = 0.883 (to 3 s.f.) 

cos 62° = 0.469 (to 3 s.f.) 

tan 62° = 1.88 (to 3 s.f.) 


Solution to Activity 6 


(a) The labelled side lengths are opp = 5 and 
hyp = p, so 
5 
sin35°= ŒP = 2, 
hyp p 
Rearranging this in terms of p gives 
= 8T es = 8 to 2 sf): 


P Sin 35° 


89 


Unit 4 Trigonometry 


(b) The labelled side lengths are adj = q and 
hyp = 7, so 


Rearranging this in terms of q gives 
q= 7cos = 4,949... = 4.9 (to 2 s.f.). 


(c) The labelled side lengths are opp = r and 


adj = 6, so 
Tt opp r 
tan — = — = Õ. 
6 adj 6 


Rearranging this in terms of r gives 


r= 6tan € = 3.464... = 3.5 (to 2 s.f.). 


Solution to Activity 7 


By the equation stated before the activity, the 
width of the river in metres is given by 


50 x tan 57° = 76.993.... 


So the width of the river is 77m, to the nearest 
metre. 


Solution to Activity 8 
Let h be the height of the building in metres. Then 


h 
-rS 2°. 
100 tan 7 
Therefore 


h = 100 tan 72° = 307.768... 


So the height of the building is 308 m, to the nearest 
metre. 


Solution to Activity 9 


(a) For the angle 0, the side lengths are opp = 40 
and adj = 35. Therefore 
opp 40 


tan = adi = 35° 


Hence 
40 
8 = tan™t | — | = 48.814.. .° = 49°, 
an (3) 
to the nearest degree. 


(b) For the angle a, the side lengths are opp = 8 
and hyp = 15. Therefore 


À opp 8 
sna = — = —. 
hyp 15 
Hence 
8 
a =sin ! | — } = 32.230. ..° = 32°, 
15 


90 


to the nearest degree. 


For the angle p, the side lengths are adj = 8 and 
hyp = 15. Therefore 
adj 8 
cos 8 = hyp = I5’ 


Hence 
8 
—1 o o 
= — | = 57.769...°= 58 
b = cos (=) , 
to the nearest degree. 


Alternatively, because the sum of the two acute 
angles in a right-angled triangle is 90°, 


8 = 90° — a = 57.769 . . .° = 589, 
to the nearest degree. 


Solution to Activity 10 

The identity sin? 6 + cos? 0 = 1 gives 
sin? @ = 1 — cos? 0, 
sin ð = y 1 — cos? 8. 


Here the positive square root has been taken 
because sin 0 is positive. So 


sin ĝ = 


= 3/7 
2/10 


3 


Solution to Activity 11 


Consider the right-angled triangle below (which is 
the same as the right-angled triangle in Figure 22). 


You can see that 


tan 0 = so l 
ng = — = —, 
b’ tanl a 
Also, 
T b 
tan (== 6) =—. 
= (5 0) a 
Therefore 


T 1 
tan (z — 0) = 
Solution to Activity 12 
(a) 


The point P lies in the fourth quadrant. 


(b) 


The point P lies in the third quadrant. 


(c) 


The point P lies in the fourth quadrant. 


Solutions to activities 


The point P lies in the second quadrant. 


Solution to Activity 13 
(a) 


The point P has coordinates (—1,0). Therefore 


siar =0, cost=-—l1 and tanz=0. 


(b) 


The point P has coordinates (0,—1). Therefore 


in(-5) =-1, cos (-3) =0 
sin -7 = —l]l, COS -3) 7 


and tan (—7/2) is undefined. 
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Solution to Activity 14 
(a) 


Sv 


For the right-angled triangle in the diagram, 
l o dj ! 
sin £ = = =opp and cos £ = = = adj. 
Since 
si T I d T V3 
in-==- - = — 
pa T cos 5 z`’ 
the coordinates of P are (—v3/2, 1/2). 
Therefore 


5 5T 1 
in | — ]) = -= 
6 2’ 


57 v3 
cos | — } = ——, 
6 2 


AIA 
Ry 


For the right-angled triangle in the diagram, 


. 7 Opp _ m adj 
sinz = J = opp and c = = adj. 
Since 
T T i 
sin — = COS — = —= 
1 A ya 


the coordinates of P are (1/v2, —1/v2). 
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Therefore 


Solution to Activity 15 
(a) 


Sy 


Since 27/3 is a second quadrant angle, its sine is 
positive and its cosine and tangent are negative. 
Hence 


ol 
Sv 


Since 77/6 is a third quadrant angle, its tangent 
is positive and its sine and cosine are negative. 


Sv 


Since —77/3 is a fourth quadrant angle, its 


cosine is positive and its sine and tangent are 
negative. Hence 


Solutions to activities 


Solution to Activity 17 
(a) 


These two 

distances sin 0 4 
are both 1] 
equal. 


These two distances 


T 
both —. 
are both 7 


From the graph, 


. T 5 
sin (-7) = — SIN T 
Since sin (7/4) = 1/V2, it follows that 
; T 1 
sin (-7) = a 


These two distances 


are both us 
3 


From the graph, 


(-3) = 085 
cos | -7 ) = cos g. 
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Since cos (77/3) = 


cos (-3) =}. 


s, it follows that 


(c) 


tan On 


These two distances 
T 
both —. 
are bo 7 


From the graph, 


t 5r t T 
Ti — = tan —. 
ana 4 


Since tan (7/4) = 1, it follows that 


on 
t —j=1. 
on (=) 


Solution to Activity 18 
1(/3/2) = 1/3 
b) cos™! $ = 7/3 


) sin7 


(a 

( 

(c) cos-10 = 7/2 

(d) cos-11=0 

(e) cos—(/3/2) = 1/6 
(f) tan 10 =0 

(g) tan™t 1 = 7/4 


Solution to Activity 19 


(a) sin™t(—v3/2) = — sin™ t (v3/2) = —7/3 
(b) cos™t(—4) = m — cos™! 4 = m — 1/3 = 27/3 
(c) cos™t(—1) = r — cos ™t 1 =r- 0 =r 
(d) cos71(—V3/2) = a — cos™!(v3/2) 

=T — T/6 = 57/6 


—tan™t 1 = —7/4 


Solution to Activity 20 


(a) The sine of 8 is negative, so 0 is a third- or 
fourth-quadrant angle. 


(ias 


Here 
sin? = —4, so sin@g==s 
Therefore, from the special angles table, 
e=a1/6. 


Hence the solutions of this equation between —7 
and 7 are 


5m 
— =— — = —— 
T+O THa 5 
and 
0 = —ġ = -r /6. 


Since the sine function has period 27, the 
solutions of this equation between 7 and 37 are 
OT T lir 

—— +2r and — -= +2r = — 
6 7 6 6 T 6 
The tangent of 0 is negative, so 0 is a second- or 
fourth-quadrant angle. 


e 


YA 


Ry 

A 
D 

RY 


B 

Here 

tan = —5, so tang@=5. 
Therefore, using a calculator, 

$ = tan™t 5 = 78.690.. .°. 
Hence 

0 = 180° — ¢ = 180° — 78.690 . . .° = 101.309.. .° 
and 


0 = —¢ = —78.690...°. 


So the solutions are —79° and 101°, to the 
nearest degree. 


Solution to Activity 21 
(a) 


t 
270 0 


The solution between 0° and 90° is 
0 = tan™* 10 = 84.289.. .°. 
From the graph, the other solution is 
0 = 84.289 . . .° — 180° = —95.710...°. 


So the solutions are 84° and —96°, to the nearest 
degree. 


Caress 


These two distances 


T 
both —. 
are both 7 


From the graph, one solution is —7/4. 
Symmetry of the graph about the line x = —1/2 
shows that the other solution is 

T 3m 


| ee E A ES 
ar 4 


Solutions to activities 


It follows that the solutions are —7/4 and 
—37/4. 


Solution to Activity 22 


(a) The equation sin = 0 tells you that the 
associated point P on the unit circle with 
angle @ has y-coordinate 0. That is, P lies on 
the x-axis, so the solutions in [—7, m] are —7, 0 
and 7. 


The equation cos 0 = —1 tells you that the 
associated point P on the unit circle with 
angle 0 has x-coordinate —1. That is, P lies on 
the negative x-axis, so the solutions in [0, 47] 
are 7 and 37. 


Solution to Activity 23 


_ 21.6 x sin 38° 
snA _ sin 109° 
Therefore c = 14.1 cm, to one decimal place. 


= 14.064.... 


Next, the angle B satisfies 
B + 38° + 109° = 180°, 


Rearranging the sine rule 


so B=383°. 


b o a 
sinB  sinA 
gives 
j= goni = aia x sin 33° =A)... 
sin A sin 109° 


Therefore b = 12.4cm, to one decimal place. 
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Solution to Activity 24 


In triangle ABC the angle A is 180° — 47° = 133°, so 
angle C is 180° — 133° — 22° = 25°. In this triangle, 
the side length opposite the angle C is known, so to 
find the distance BC, use the sine rule in the form 
a c 
sinA sinC’ 
Rearranging this gives 


csinA  100sin 133° 
= oy Sm Y L 173.053... 
a sin 25° 008 


So the distance BC is 173m, to the nearest metre. 


Finally the height x satisfies the equation 
x/BC = sin B, so 
x = BC sin B = 173.053... x sin 22 = 64.82.... 


Hence the height of the building is 65m to the 
nearest metre. 


Solution to Activity 25 


Rearranging the sine rule 


c 4 
sinC  sinA 

gives 
sinC = csin A _ 16.4 x sin 19.9° 0.734... 


a 7.6 
Therefore either 
C = sin™t (0.734...) =47.265....°, 
or 
C = 180° — 47.265 . . .° = 132.734...°. 
But C is acute, so it is less than 90°. Therefore 
C = 47.265 ...° = 47.3° (tol d.p.). 


Solution to Activity 26 


Rearranging the sine rule 


Co b 
sin sinB 
gives 
in B .l sin 23.4° 
R ae... 
b 9.3 
Therefore 
C =sin *(0.345...) = 20.2° 
or 


C = 180° — 20.2° = 159.8°, 
to one decimal place. The obtuse angle C = 159.8° 
is impossible, because 


159.8° + 23.4° > 180°. 
Therefore C = 20.2° to one decimal place. 
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Solution to Activity 27 


B 
a = 15.73 mm ii c = 23.15 mm 
C b A 


Applying the cosine rule in the form 
b? = c? +a? — 2ca cos B 
gives 
b = \/23.152 + 15.732 — 2 x 23.15 x 15.73 cos 121° 
= 34.036.... 
Therefore b = 34.04mm, to two decimal places. 


Solution to Activity 28 


A 


b= 25 
m 
B a = 3:6 


Rearrange the cosine rule a? = b? + c? — 2bc cos A to 
give 
b? +e- a? 


A= —__—. 
7 2be 
So 
2.52 + 1.5? — 3.6? 
cos A = ———___—__. 
2x25 1.5 
Therefore 


2.57 + 1.57 — 3.67 
A = cos 2.0" + Lot — 3.0% 
2x 2.5 x 1.5 
to the nearest degree. 


) = 126.4...°= 126°, 


Solution to Activity 29 


By drawing lines from the centre of the pentagon to 
each of the vertices, divide the pentagon into five 
triangles. 


g 


The central angle of each of these triangles is 


360° 
= 72". 


The area of each triangle is 
$x 7x 7x sin72°= © sin 72°, 

by the formula for the area of a triangle. Then 
5 x © sin 72° = 116.504... 


so the area of the pentagon is 116.5 m? (to 1 d.p.). 


Solution to Activity 30 


(a) No, there is not a formula for area in terms of 
only A, B and C. This is because similar 
triangles, which can vary in area, have the same 
angles. For instance, the three triangles shown 
below have the same angles but different areas. 


a 


A 


(b) Yes, there is a formula for area in terms of a, b 
and c. You should expect this, because any two 
different triangles with side lengths a, b and c 
are congruent, which means that one is a 
rotated, and possibly flipped over, version of the 
other. Two congruent triangles (one flipped 
over) are shown below. 


a a 


The formula for the area of a triangle in terms 
of a, b and c is known as Heron’s formula. It is 
given by 

s(s — a)(s — b)(s — ©), 

where s = $(a+b+c). 


area = 


Solutions to activities 


Solution to Activity 31 


The gradient of the line is tan(27/3) = —v3. The 
y-intercept is 3. Therefore the equation of the line is 
y = —vV3a +3. 


Solution to Activity 32 

Rearrange the identity sin? 0 + cos? 0 = 1 to give 
sin? 0 = 1 — cos? 0. 

Therefore 
sin 0 = +y 1 — cos? 0, 


and you take the positive square root if sin 0 is 
positive, and the negative square root if sin @ is 
negative. 


Solution to Activity 33 


(a) Since sin0 = 0, it follows that cosec0 and cot 0 
are not defined, whereas 
1 1 
SS ai 
cosQ 1 
(b) Since cos(7/2) = 0, it follows that sec(7/2) is 
not defined, whereas 


sec 0 = 


T 1 1 
cosec 5 = —z =a 
sag 
and 
T 
T cog 0 
cot — = =- =Q. 
2 sin 1 
2 
(c) In this case 
T 1 1 5 
cosec — = — > = ——= = ; 
4 sin — 1//2 
T 1 1 
sec — = = —— = ; 
4 eos% 1/v2 
4 
T 
cot = "a = 1/v2 = 
sin — 1//2 
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Solution to Activity 34 Solution to Activity 35 
(a) Let A= 2/3 and B=7/4,s0 A+ B = 77/12. The half-angle identity for cosine is 
The identity cos” 0 = 4 (1 + cos(26)) . 
sin(A + B) = sin A cos B + cos Asin B So si z 
gives cos? a (1 + cos Z) 
sin fa =sin (= +=) Lif V2 1 
12 3° 4 Se = 
T T T. T 2\ v2 v2 
= Si Cee y T COS g Sii g O B41 
a 2 2 2 _ V2(V2 + 1) 
= z (v6+ v2). 2V2vV2 
(b) Let A = 7/3 and B = 7/4, so A — B = 7/12. = 
The identity ‘i 2 Because 7/8 is acute, cos(7/8) is positive. Therefore 
tan A — tan 
A — B) = ———— 
ian ) 1 + tan Atan B R = 2+V2 _ V2 + v2 
gives 8 4 20 
T = T T 
tagg = tan (< ~ *) Solution to Activity 36 
fan ta The double-angle formula for tangent is 
= = 29 = 2tan 6 
l +tan z tan] tan = tano 
3-1 So, with 20 = 7/4, 
= 2t 
i¢V3 aoe TS 
= A41 x 3-1 Following the hint, put t = tan(7/8). Then, since 
= = tan(7/4)=1, 
_4-2v3 O 
2 ~~ 1-2 
=2- v3. 1-1? =2t (since t? #1) 
?+4+2t-1=0. 


By the quadratic formula, 
—2 + 22?-—4x 1x (-1) 
2 


—2+/8 
= -1 4v2. 


Since t = tan(7/8) is positive, the only possibility is 
tan = V2—1. 
(You can check that this answer is the same as the 


more complicated answer given before the activity, 
by showing that the squares of both expressions are 
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equal. Since 
2 


2-V2\  2-Vv2 
2472} 242 


and 
2 
(v2-1) =0- 9/9 #1 = 30,9. 
you need to check only that 


2-2 
ap a 8 2v2. 


This equation follows by multiplying both sides by 
2+ V2, since 


(8-2/2)(224+47/2) =6-1244=2-v2) 


Solutions to activities 
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